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A one-dimensional kinetic model is developed for the flow of ions to a probe whose 
characteristic size is smaller than the ion gyroradius in drifting plasmas. Numerical solutions 
of the self-consistent plasma-sheath equations have been obtained for arbitrary external 
temperature and parallel plasma flow velocity. The ion current to the probe is obtained and the 
ratio of the upstream to downstream current is represented by the form R = exp [KU, 1, where 
U, is the drift velocity in units of ( Te/mi)o.5 and K is constant depending on the type of source 
in the sheath-transition region. Comparisons with other models are made. 

I. INTRODUCTION 

Significant ion drift resulting from scrapeoff flow may 
play an important role in impurity transport and fluctuation 
levels, and in the design of divertors and limiters in fusion 
devices, where the plasma is strongly magnetized [ion gyro- 
radius (pi ) < probe size(a) ] .’ Planetary objects and space- 
craft in high altitude are drifting through the unmagnetized 
plasma (pi > a or B = 0), which space shuttle in low-earth 
to ionosphere orbits is moving through the magnetized plas- 
ma (p, < a). In both cases, the implicit plasma flow toward 
the space objects make the physics around them difficult by 
generating the wake and the space charging.* In the plasma 
processing, the plasma parameters may depend upon the ra- 
tio of ion to electron temperature, and plasma drift, even 
though the plasma is unmagnetized in most cases.3 Bern- 
stein and Rabinowitz4 set up the one-dimensional collision- 
less kinetic model for the spherical or cylindrical probe by 
assuming the monoenergetic ion distribution far from the 
probe and the known potential variation. Laframboise5 
solved the same problem by introducing a Maxwellian ion 
distributions with various ion temperatures. Parrot er al6 
analyzed the same problem by solving Vlasov-Poisson equa- 
tions self-consistently without assuming the potential vari- 
ation. Emmert et ~1.’ found an analytic solution for the 
planar probe with a model source term accounting for ioni- 
zation of hot neutrals where no ions are produced with zero 
speed. Bissel and Johnson’ studied the same problem with a 
more realistic ion source, corresponding to ionization of a 
Maxwellian distribution of neutrals. All these are one-di- 
mensional collisionless kinetic analyses without plasma 
drift. Grabowski and Fischer9 analyzed two-dimensional 
Vlasov-Poisson equations with plasma drift in the wake re- 
gion for the cylindrical geometry. Hudis and Lidsky” set up 
a fluid model for a one-dimensional cylindrical probe with 
neglecting the influence of the electric field on the ion mo- 
tions, and obtained the ion saturation current difference in 
terms of the drift velocity, which is limited to collisionless 
high density plasma with Tim < T,. 

It is the purpose of this work to analyze the effect of 
plasma flow on the plasma parameters in the unmagnetized 
plasma with finite ion temperature, by using a one-dimen- 
sional collisionless kinetic model and taking into account the 
convective inflow toward the perturbed region(sheath-tran- 
sition region) as a source. Because the transition region is 

order of the probe size(a), the analysis of the transition re- 
gion shoud be analyzed by the two-dimensional model, while 
the sheath can be treated as one dimensional. Since the two- 
dimensional kinetic model cannot be solved so easily, we 
adopt the one-and-half dimensional model in order to de- 
duce the flow velocity from the sheath current density, by 
treating the perpendicular component to the streaming di- 
rection as a source in the perturbed region. 

II. GOVERNING EQUATIONS 

The two-dimensional steady-state Vlasov equation for 
ions is given by 

“. Lf+!lyp, (1) 

where f is the ion distribution function, F is the Lorentz 
force, and m is the ion mass. If we treat the vertical compo- 
nent of the Vlasov equation as a source, it becomes 

v af+!dL- -0 af 
z r3.z x dx 

Fx Jf -s ----= I-’ (2) 
m dv, m dv, 

where z is the direction of particle stream to the planar 
probe. If we assume a Maxwellian distribution of ions in the 
vertical(x) direction without the magnetic field, right-hand 
side of Eq. (2) can be approximated as 

+-+!i 1-A f,, 
a ( > *, 

(3) 

where vi is the ion thermal speed [ = ( Ti, /m)O.s], ni is the 
ion density, a is the probe size, and the subscript CO means 
outside of the transition region. Here we treat the vertical 
convection term as a source of our one-and-half dimensional 
model. For an unmagnetized plasma, ion transport into the 
presheath is assumed to be governed by the coherent exter- 
nal flow, so the invicid model would be used. The idea here is 
that there is a certain amount of particle inflow, and this 
inflow is presumably driven by the density difference 
between inside and outside of the perturbed region. There- 
fore it is taken to be proportional to the density difference. 
The distribution of the inflowing particles is that of the exter- 
nal plasma. Hence we convert the two-dimensional Vlasov 
equation into one-dimensional Boltzmann equation without 
destroying the two-dimensional physical mechanism (Fig. 
1). Then the final Boltzmann equation for ions becomes 
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FIG. 1. Perturbations due to planar probes-(d) without drift, (B) with 
drift. 

( v~-~gftz,v) 2(1-?Jf& (4) 

where q, c,h, and v are ion charge, electric potential, and ion 
velocity along the direction of collection. The energy equa- 
tion, governing the phase space orbits, is 

jmv’ + q&z) = E, (5) 
where E is the constant total energy. The electrons are as- 
sumed to be isothermal, described by the Boltzmann rela- 
tion: 

n,(z) = *, exp(4(zVir,), (6) 
where n, and T, are electron density and temperature. The 
electron and ion densities are related by Poisson’s equation, 
i.e., 

4J2 -= 
d2 

(7) 

III. NONDlMENSlONALlZATlON AND ANALYSES 

We define a type of ion acoustic speed, called ion sound 
speed by ignoring the ion pressure, by V, = [ZT,/m]‘,‘, 
where Z = q/e. Then the nondimensional forms of the pa- 
rameters are 

e4 E y2, *2, vzz ---’ Es-, 
a 

;. 
e e 

/1&, $-ErOE, 
T, 

g(y,u)= KfiZJ) , ncl!i, 
a *, *, 

where il, is the Debye length. In terms of these parameters 
the equations become 

ua+*L 
ay dy au > 

g(p) =r”.5(1 -n)g, (u), (8) 

E = u2/2 - ?f, 

A2 d2T - = Z 
dy = I g(w)du - exp[ - V(Y) 1. 
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(9) 

(10) 

If the external ion distribution is Maxwellian with tempera- 
ture I;, , shifted by a drift velocity Vd, then 

g,.(~)=(-$$-~5exp(-ZT’~~O;)‘). (11) 

The boundary conditions on the distribution function 
are 

g(y,u>O) = 0, g(v = ca,u) =g, (u), 
which means that the probe has a perfectly absorbing surface 
and the ion distribution has Maxwellian form outside the 
perturbation. Those on the potential are 

where the first equation indicates that the probe is biased by 
the applied voltage c$,, which should be bigger than the 
sheath potential in magnitude. Far from the probe surface 
the potential is set to be zero, since there is no perturbation 
due to a probe. Here we substract the potentials along the 
perturbation by the plasma (space) potential. By taking the 
moments of the ion distribution, we can get the ion density, 
current, fluid velocity, temperature, and power flux. 

To solve the preceding equations, we follow the similar 
procedures as those we used in our previous work for the 
flowing magnetized plasmas,” since the governing equa- 
tions have the similar forms: We guess an initial potential 
variation along the presheath( 17). Then along each energy 
orbit(~), velocity sets are obtained(u). We calculate the ion 
distribution function along the orbits by solving the kinetic 
equation [ Eq. (8) ] with a semi-implicit method. After this, 
ion density is obtained by integrating the ion distribution 
functions over velocity space at each position with using a 
modified Simpson rule for uneven meshing in velocity space. 
To solve the Poisson equation [ Eq. ( 10) 1, we use the succes- 
sive overrelaxation method for plasma-sheath equation 
(il #O), or simple relaxation method for plasma equation 
(1 = 0) with uneven meshing in position space. The final 

l.O1~ 
t 1 

. . . . . . . . . Ud z-O.5 
- qj =o.o 

-----“d=o.5 

0.8 - b 
II 

I I 

FIG. 2. Ion distributions at sheath with different drift velocities. Negative 
sign indicates the direction toward the probe surface. 
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self-consistent solutions for the potential and the ion distri- 
bution are obtained by iterating these procedures until they 
reach a convergence criterion. 

IV. RESULTS AND DISCUSSIONS 

Results are given for the following cases: Z = 1 (singly 
charged ion), A = 0 (quasineutral case), 7w = 3 (negative- 
ly biased potential), T,, = 0.2-2.OT, (ion temperature out- 
side the transition), U, = - 1.3 to 1.3 (ion drift velocity), 
in specific cases. 

Figure 2 shows ion distributions at sheath for Tim = T, 
with different drift velocities. The plasma parameters for 
A< 10 - ’ is essentially identical to those ofA = 0. Especially, 
the sheath parameters for both cases give identical results 
that are independent of the values assumed for the wall po- 
tential, provided the wall is more negative than the sheath- 
edge potential (7, > ?J.~).” For the quasineutral case, the 
sheath edge is at the mesh-point adjacent to the boundary, 
and here ys = 10 - 4 is the first mesh point and used for the 
sheath position. The similarities in shape for the different 
drift velocities are indication of the fact that the ions tend to 
flow into the sheath at the ion acoustic speed 
{ = C, = [ ( T, + T,, )/mi ] o.5, where T,, is the ion tempera- 
ture at the point where V(y) = V,} regardless of external 
flow. The ion distribution gets narrower and sharper as the 
plasma is streaming away from the probe. This leads to the 
reduction of the sheath temperatures and densities, so we 
might expect that the power flux to the probe gets smaller as 
the plasma is drifting away from the probe. 

In Fig. 3, we show the ion current density flowing into 
the sheath as a function of external drift velocity, for three 
values of ion temperature. The sheath current density (J,) 
increases as the plasma drifts toward the probe (in our mod- 
el, U, < 0 for moving toward the probe, however, the sign is 
reversed in this figure), and ion temperature increases. Com- 

I 1 I I I 

1.4 

1 .c 

Js 

0.6 

- 0. 5 0.5 1.5 

"d 

FIG. 3. Sheath current densities. Comparisons are made with kinetic model 
for U,, = 0 and T,, = T,. Emmert et al.(n), Laframboise( q ), Bissel and 
Johnson(O), Parrot et a/.( 0), and Grabowski( A). Note that negative 
sign means plasma is drifting away from the probe. 
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FIG. 4. Ratio of upstream to downstream current into the sheath for 
T,,/T, =0.2 (curve I), 1.0 (curve2),and2.0(curve3).Dottedlinesare 
those from fluid model (see Ref. 10). 

parisons with other kinetic results are also shown in the same 
figure. Since there have been no kinetic analyses with drift, 
we just compare those without drift for T,, = T,. 

The diagnosis of plasma flow via “Mach” probes re- 
quires interpretation of the ratio of the ion collection cur- 
rents to the upstream and downstream faces of the probe. 
Figure 4 shows this ratio; it increases as U, and Tim get 
larger. The ratio can be expressed as 

Rs Jup - = exp[KU,], 
J &XV” 

where KE 1.2, 1.0, and 0.9 for Tim = 0.2, 1.0, and 2.OT,, 
respectively. We compare our results with those of fluid the- 
ory. There has been a big difference for T,, > T,, but tends to 
agree when Tiw < T,. This is because the Hudis’s fluid model 
is valid only for T,, <T,. The experimental data’* mea- 
sured by an unmagnetized Mach probe for T,, < T, reason- 
ably agrees to the fluid model, hence to our kinetic results. 

V. CONCLUSIONS 

We have developed a one-dimensional kinetic model, 
which contains two-dimensional information, by introduc- 
ing the convectional inflow into the perturbed region as a 
source. The sheath ion distributions, current densities, and 
the ratio (R) of upstream to downstream current densities 
are obtained in terms of plasma drift velocities and ion tem- 
peratures. The current ratio is represented by the form 
R = exp[ KU, 1, where U, is the drift velocity in units of 
( T,/wz~)‘.~ and K’s are given as 1.2, 1.0, and 0.9 for 
T,,/T, = 0.2, 1.0, and 2.0, respectively. Ion temperature 
and density at sheath tend to decrease as the plasma is 
streaming away from the probe. 
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