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The normalized drift velocity of flowing plasmas can be deduced using a Mach probe, which has two directional probes at
opposite sides. The relationship between the ratio (R) of upstream ion saturation current density (Jup) to downstream current
density (Jdn) and the normalized drift velocity (M1 ¼ Vd=

ffiffiffiffiffiffiffiffiffiffiffiffi
Te=mi

p
) of plasma has generally been fitted into an exponential

form as R ¼ Jup=Jdn ¼ exp½KM1�, where K is a calibration factor depending on the magnetic flux density, collisionality,
viscosity, and ion temperature of plasmas. Without going into detailed theories for various conditions of plasmas and probes, a
simple explanation is given in terms of decaying current density in the downstream region. Existing theories and experiments
of Mach probes in magnetized and unmagentized flowing plasmas are summarized along with key physics and
comments. [DOI: 10.1143/JJAP.45.7914]
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To measure plasma flow, a Mach probe, which is
composed of two opposite directional probes, has been used
in tokamaks and stellerators for toroidal and ExB shear
flows.1–6) As for the flow in unmagnetized plasmas, there
have been attempts to analyze atmospheric torch plasma,7)

mirror plasma for rotation,8) basic plasma,9) linear divertor
simulators10,11) and ion sources.12)

If there is no flow (M1 ¼ 0), the collection of ions on
one-side of the probe (Jup) is the same as that on the opposite
side of the probe (Jdn), i.e., R ¼ Jupð1Þ=Jdnð1Þ ¼ 1, whereas
if there is directional flow (M1 > 0), the ratio of the current
density on the upstream side (Jup) to that on the downstream
side (Jdn) is larger than one, R ¼ Jupð2Þ=Jdnð2Þ > 1 as shown
in Fig. 1. Generally, the ratio of upstream current to
downstream current is a function of the magnitude of drift
flow, i.e., R ¼ RðM1Þ, where M1 is the normalized drift
velocity. An exponential form for the ratio of current
densities has been used as an empirical formula to deduce
the plasma flow velocity at the scrape-off layer in the DITE
tokamak,13) and it was adopted to fit the ion current data
from Explorer 31, a magnetospheric satellite.14) As for
theories, we can derive exponential forms exactly from an
unmagnetized fluid model15) and from a self-similar fluid
model for coherent inflow.16) We can approximately deduce
them from a magnetized fluid model17,18) and a kinetic
model.19)

Although the exponential form for the current density
ratio is not generally proved, we adopt this form from the
above experimental and analytical expressions. To obtain a
physical image of the exponential form, one can consider the
one-dimensional continuity equation of ions for dimensional
analysis:

@n

@t
þ

@

@x
nV ¼ 0; ð1Þ

which leads to

@

@x
nV ¼ �

@n

@t
; ð2Þ

where n, V , and x are the ion density, flow velocity, and the
coordinate for the direction of the flow or magnetic field,

respectively. Here, �@n=@t can be treated as a source term,
which can also be obtained from the steady-state two-
dimensional continuity equation, which is the same as those
in most fluid models,16–18) i.e., �@ðnVÞ=@y � �@n=@t in
dimensional analysis, where y is the coordinate for the
perpendicular direction to the flow or the magnetic field.
Equation 2 can be rearranged as

@J ¼ �
dx

dt
@n ¼ �V@n; ð3Þ

where J � nV . Then from the momentum equation, one can
determine the following with the Boltzmann electrons:

mn
dV

dt
¼ �

dP

dx
þ enE ¼ �ðTi þ TeÞ

dn

dx
� �T

dn

dx
; ð4Þ

where m, e, P, E, Ti, and Te are the ion mass, electron
charge, ion pressure, electric field intensity, ion and electron
temperature, respectively. By multiplying both of the terms
of eqs. 3 and 4 by dx and using V ¼ dx=dt, it becomes

JdV ¼ �C2
s dn ¼

C2
s

V
dJ:

The separation of J and V leads to

d
V2

2C2
s

� �
¼ dðln JÞ;

which becomes

J ¼ J0 exp
V2

2C2
s

� �
¼ J0 exp

M2

2

� �
; ð5Þ

where M � V=Cs ¼ V=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðTe þ TiÞ=m

p
, and J0 is the unper-

turbed ion flux. Since drift flow affects the flow in

Fig. 1. Effect of drift flow on collection at both ram (upstream) and wake

(downstream) sides. The curves for 1 are density profiles without drift

flow (M1) and those for 2 are with the flow.
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perturbation regions, one can assume Mup � MðxÞ þ �M1
and Mdn � MðxÞ � �M1, where MðxÞ is a normalized flow
velocity of the perturbation region without drift flow, and
� is the constant reflecting the effects of magnetic field,
collisionality, viscosity, ion temperature, and other factors.
Then

R �
Jup

Jdn
¼ exp

M2
up �M2

dn

2

 !

¼ exp½MðxÞ � 2�M1� ¼ exp½KM1�;

where K ¼ 2�MðxÞ. Although drift flow affects both the
upstream and downstream regions of perturbation, it affects
the latter more strongly because M � �M1 	 1 at the
surface of the probe. For neutral approximation, one can use
just �dP=dx for the right-hand side of eq. 4, which has the
same form as the one with electric force. From a different
viewpoint, if one adopts the free-fall model, the kinetic
energy gained by the ions is from potential difference, and
the ratio has a form similar to that in eq. 6, if density is to be
governed by the Boltzmann relation. This was experimen-
tally shown by Oksuz and Hershkowitz in a drifting,
unmagnetized and nonuniform plasma.20)

As for K in the unmagnetized plasmas (�i > rp), where �i
is the ion gyroradius and rp is the probe radius, on the basis
of Hudis and Lidsky’s fluid model,15) one obtains

K ¼ 4
ffiffiffi
�

p
;

where � � Ti=Te and velocity is normalized using
ffiffiffiffiffiffiffiffiffiffiffiffi
Te=mi

p
.

This is a one-dimensional model for a cylindrical probe
assuming that the difference in potential drops on the
downstream and upstream sides is caused by drift velocity
and ion energy conservation, wherein Hudis and Lidsky
neglected the effect of electric field on ion motion, which is
limited to collisionless high-density plasmas with Vd 
 Vi

(¼
ffiffiffiffiffiffiffiffiffiffiffi
Ti=mi

p
) and Ti 
 Te, adopting the idea similar to that of

Mott–Smith and Langmuir.21) Although Hutchinson22) main-
tained that this model is neither physical nor consistent,
Oksuz and Hershkowitz20,23) refuted Hutchinson by measur-
ing potential on the wake side and maintained that this
model is feasible by assuming the one-dimensional ion
motion. From Mott–Smith and Langmuir’s kinetic model for
a cylindrical probe with a thick sheath21) in unmagnetized
plasma, one cannot obtain an analytic form for R, since it
is an integrational form in terms of collection angle and
potential difference between the sheath and probe wall,
which should be solved numerically. However, if one treats
charged particles as neutral by neglecting the effect of
electric field as did by Harbour and Proudfoot,13) R can be
expressed in the form of exponential and error functions, as

in refs. 6, 7, and 24, which can be approximated as an
exponential form with

K ¼ 2
ffiffiffiffiffiffi
��

p
=ð1þ �M2

1Þ � 2ð��Þ1=2;

for � < 1 and jM1j < 1. From Chung’s kinetic model24) for
a planar probe, and Hutchinson’s PIC model25) for a
spherical probe in unmagnetized plasmas, K values are
determined as 1.2, 1.0, and 0.9 for Ti=Te ¼ 0:2, 1.0, and 2.0
from Chung’s model, respectively, whereas K is 1.34 for
Ti=Te < 3 assuming zero Debye length from Hutchinson’s
model. Nonzero Debye length calculation in Hutchinson’s
model shows the unexpected reversal of current ratio.26) For
the kinetic model, Boltzmann transport and enegy conser-
vation equations are used for ions, whereas for the PIC
model, ions are governed by the Newton’s law in electro-
static potential. The Boltzmann relation for electrons and the
Poisson equation are commonly used in both models. If the
neutral pressure is high, as in the private region of a divertor
or as in the atmospheric plasmas, one should consider ion-
neutral collisions, which causes a larger R for the same flow
speed, although the R form deviates from the exponential
form.27) One would consider the collection angle, if effects
of flow and magnetic field on the current angular distribution
were independent.28)

As for magnetized plasmas (�i < rp), the quasineutral
presheath becomes highly elongated along the field line, and
the collection area becomes the projection area regardless of
probe geometry, thus rp becomes the size one-half of that of
a typical projection area. From Stangeby’s fluid model of
inviscid flow,17) K is given as

K � 1=
ffiffiffiffiffiffiffiffiffiffiffi
1þ �

p
:

Steady-state continuity and momentum equations are used
assuming a convective flow into the presheath region
without viscosity (� ¼ 0), which produces the maximum
density at M ¼ M1=2. This is modified by Hutchinson,16) by
replacing the convective flow with a strong viscous flow
(� ¼ 1) with cross-field diffusion, which leads to the
following:

K ¼ 2=
ffiffiffiffiffiffiffiffiffiffiffi
1þ �

p
:

Although the diffusive model with strong viscosity29,30)

seems to be more favorable, there are yet other experimental
results supporting the convective model.31) However, the
normalized shear viscosity (�) should be determined by
experimentation along with flow velocity measurement.30,32)

From Chung’s fluid model with arbitray shear viscosity (�?)
and the Dirichlet boundary condition for the magnetized
probe,18) R is given as

R ¼
ð1þ �Þ þ �M1

ð1þ �Þ � �M1

� ��
exp

"
�M1ffiffiffi

q
p arctan

�ð2�M1Þffiffiffi
q

p þ arctan
�ð2þM1Þffiffiffi

q
p

( )#

� exp½KM1�;

where � � �?=nimiD? is the normalized shear viscosity, D?
is the anomalous cross-field diffusivity, � ¼ 1þ �, � ¼
ð1þ �Þ=2�, q ¼ 4� � �2M2

1, and K is the calibration factor:

K ¼ 2�=ð� þ 1Þ þ
ffiffiffiffiffiffiffiffiffiffi
�2=�

p
arctan

ffiffiffi
�

p
:

Here, K should be divided by
ffiffiffiffiffiffiffiffiffiffiffiffi
Z þ �

p
, where Z is the ion

charge and � is the normalized ion temperature, since
Hutchinson and Chung defined the ion acoustic speed asffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðZTe þ TiÞ=mi

p
, which is different from others as

ffiffiffiffiffiffiffiffiffiffiffiffi
Te=mi

p
.

The difference between the approximation and exact formula
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is less than 5% for 0 	 M1 	 0:5. For � ¼ 1, there is about
20% difference in R between Chung’s and Hutchinson’s
fluid models with respect to their kinetic model,33) and to
reduce the difference one should use a modified formula
with mixed boundary conditions.34) From Chung and
Hutchinson’s kinetic model19) of a strong viscous flow for
a magnetized probe, K values are also given as 1.9, 1.7, and
1.3 for Ti=Te ¼ 0:2, 1.0, and 2.0, respectively. Although
there is additional contribution to the source of the elongated
presheath from ionization in the strongly magnetized
plasmas, R remains having the same exponential form with
decreasing calibration factor K as the ionization intensity
increases.35)

From the above-mentioned views, exponential form of the
ratio of current densities seems to indicate the decay of flux
(or current density) within the perturbation regions or a
faster decay in the wake (or downstream) region of an
probing object, where the decay constant is proportional to
the fluid flow in the wake region. The faster the flow, the
harder for fluid to enter the wake region with the same
absorption to the collector, so that less flux is present in the
wake region, which shows the quicker decay of flux within
the wake region. The effects of viscosity, ionization and
charge exchange (or recombination), cross-field transport
can play a role in decreasing (or increasing) flow speed as an
additional drag (or pulling) force.18,27,31,35)

As for the free-fall model, it explains the relationship
between the drops of electrostatic potential and the max-
imum change in plasma flow within the perturbation region
around an absorbing object.31) As for the supersonic flow,
results of kinetic and PIC models can be applied since there
is no singular point near the probe surface even at a velocity
higher than the Bohm velocity in these models. The fluid
model for magnetized plasmas with an arbitray viscosity18)

can be used even for the supersonic flow up to Mach number
2, whereas there would be negative shear viscosity for a flow
higher than Mach number 2, theoretically.

Acknowledgment

The improvement of this manuscript by Professor S. Kado
and the reviewer are greatly appreciated. Comments from
Professors A. Ando and M. Inutake are acknowledged. This
work was performed at the High Temperature Plasma Center
of the University of Tokyo, which is highly appreciated.
This work is partially supported by the National Research
Laboratory (NRL) Project of the Korea Science and
Engineering Foundation under the Korea Ministry of
Science and Technology, and this work was partially
supported by the research fund of Hanyang University
(HY-2003-I).

1) C. Boucher, L.-G. Thibault, J. P. Gunn, J.-Y. Pascal, P. Devynck and

Tore Supra Team: J. Nucl. Mater. 290–293 (2001) 561.

2) J. A. Boedo, R. Lehmer, R. A. Moyer, J. G. Watkins, G. D. Porter, T.

E. Evans, A. W. Leonard and M. J. Schaffer: J. Nucl. Mater. 266–269

(1999) 783.

3) N. Tsois, C. Dorn, G. Kyriakakis, M. Markoulaki, M. Pflug, G.

Schramm, P. Theodoropoulos, P. Xantopoulos and M. Weinlich and

ASDEX Upgrade Team: J. Nucl. Mater. 266–269 (1999) 1230.

4) B. LaBombard, S. Gangadhara, B. Lipschultz and C. S. Pitcher:

J. Nucl. Mater. 313–316 (2003) 995.

5) H. Van Goubergen, R. R. Weynants, S. Jachmich, M. Van Schoor, G.

Van Oost and E. Desopperre: Plasma Phys. Control. Fusion 41 (1999)

L17.

6) B. J. Peterson, J. N. Talmadge, D. T. Anderson, F. S. B. Anderson and

J. L. Shohet: Rev. Sci. Instrum. 65 (1994) 2599.

7) K.-S. Chung, S.-H. Hong and K.-H. Chung: Jpn. J. Appl. Phys. 34

(1995) 4217.

8) K.-S. Chung, G. Y. Kwak, Y.-S. Choi, M.-J. Lee, J. G. Bak and M.

Kwon: Rev. Sci. Instrum. 75 (2004) 4299.

9) L. Oksuz, M. A. Khedr and N. Hershkowitz: Phys. Plasmas 8 (2001)

1729.

10) S. Kado, T. Shikama, S. Kajita, T. Oishi and S. Tanaka: Contrib.

Plasma Phys. 44 (2004) 656.

11) K.-S. Chung, H.-J. Woo, G.-S. Choi, J.-J. Do, Y.-J. Seo and H.-J. You:

Contrib. Plasma Phys. 46 (2006) 354.

12) A. Tanga, M. Bandyopadhyay and P. McNeely: Appl. Phys. Lett. 84

(2004) 182.

13) P. J. Harbour and G. Proudfoot: J. Nucl. Mater. 121 (1984) 222.

14) U. Samir, R. H. Comfort, R. C. Chappell and N. H. Store: J. Geophys.

Res. 91 (1986) 5725.

15) M. Hudis and L. M. Lidsky: J. Appl. Phys. 41 (1970) 5011.

16) I. H. Hutchinson: Phys. Fluids 31 (1988) 2728.

17) P. C. Stangeby: Phys. Fluids 27 (1984) 2699.

18) K.-S. Chung: Phys. Plasmas 1 (1994) 2864.

19) K.-S. Chung and I. H. Hutchinson: Phys. Rev. A 38 (1988) 4721.

20) L. Oksuz and N. Hershkowitz: Plasma Sources Sci. Technol. 13 (2004)

263.

21) H. M. Mott-Smith and I. Langmuir: Phys. Rev. 28 (1926) 727.

22) I. H. Hutchinson: Phys. Plasmas 9 (2002) 1832.

23) N. Hershkowitz and L. Oksuz: Phys. Plasmas 9 (2002) 1835.

24) K.-S. Chung: J. Appl. Phys. 69 (1991) 3451.

25) I. H. Hutchinson: Plasma Phys. Control. Fusion 44 (2002) 1953.

26) I. H. Hutchinson: Plasma Phys. Control. Fusion 45 (2003) 1477.

27) K.-S. Chung, Y.-S. Choi, M.-J. Lee and H.-J. Woo: 32nd EPS Conf.

Plasma Phys., Tarragona, 27 June–1 July, 2005, ECA Vol. 29C (2005)

P2.079.

28) T. Shikama, S. Kado, A. Okamoto, S. Kajita and S. Tanaka: Phys.

Plasmas 12 (2005) 44504.

29) K.-S. Chung, I. H. Hutchinson, B. Labombard and R. W. Conn: Phys.

Fluids B 1 (1989) 2229.

30) K.-S. Chung and R. D. Bengtson: Phys. Plasmas 4 (1997) 2928.

31) B. LaBombard, R. W. Conn, Y. Hirooka, R. Lehmer, W. K. Leung, R.

E. Nygren, Y. Ra, G. Tynan and K.-S. Chung: J. Nucl. Mater. 162–164

(1989) 314.

32) K.-S. Chung: Nucl. Fusion 34 (1994) 1213.

33) K.-S. Chung: Phys. Plasmas 2 (1995) 1796.

34) K.-S. Chung: Jpn. J. Appl. Phys. 36 (1997) 2366.

35) K.-S. Chung and I. H. Hutchinson: Phys. Fluids B 3 (1991) 3053.

Jpn. J. Appl. Phys., Vol. 45, No. 10A (2006) K.-S. CHUNG

7916

http://dx.doi.org/10.1143/JJAP.34.4217
http://dx.doi.org/10.1143/JJAP.34.4217
http://dx.doi.org/10.1143/JJAP.36.2366

