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A fluid model is developed to analyze the effect of ionization on the free presheaths in magnetized flowing plasmas. Analytic
solutions are derived from one-dimensional fluid equations with an arbitrary ionization source. Contributions from ionization
and shear viscosity are normalized by the free transport source due to the cross-field diffusion. An analytic relation between
the sheath current ratio and the unperturbed flow velocity is determined in terms of ionization ratio and normalized shear
viscosity. The deduced plasma flow velocity and density would be miscalculated in the strong plasma-neutral interacting
presheath without the contribution of ionization to the presheath source.
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The effect of the edge and scrape-off layer (SOL) plasmas
on the characteristics of the core plasma and discharge prop-
erties in tokamaks has been one of the key issues in fusion
research for the last decade.1) In addition, the plasma flows
along and across the presheath are still under debate in terms
of flow measurement and plasma transport.2) In the diverted
tokamaks, an understanding of the SOL plasma becomes cru-
cial and, in particular, issues such as the effect of neutral par-
ticles on the edge dynamics,3) and detached plasmas4) are cur-
rently under debate. All of these problems are linked to the
momentum transport of plasma in the SOL; the flow velocity
in the boundary plasma must be measured quantitatively to
understand it. Much effort has been devoted to measurement
of the flow velocity by using two-sided directional electric
probes (Mach probes) in the tokamak edge or in the linear
tokamak edge simulator.5,6) Along the magnetized presheath
formed by the probes, not only the diffusive ion source in the
magnetized presheath with Boltzmann electrons (for the neg-
atively biased probe),6) but also other sources such as charge
exchange7) and ionization8,9) are important, particularly in the
SOL of diverted tokamaks, where atomic processes are ac-
tive. In this paper, we introduce a spatially varying ionization
source to the diffusive source of fluid equations in the mag-
netized presheath. After setting up a fluid model which con-
tains an ‘ionization’ term with a diffusive source, we solve the
plasma equation analytically, and analyze the effect of ioniza-
tion on the deduction of the flow from the measurement of the
ratio of upstream to downstream current at the sheath.

Since the fast parallel inertial flow is balanced by a slow
cross-field diffusion into the quasineutral presheath which is
highly elongated along the field, it is attractive to attempt
to simplify the problem by treating the presheath as effec-
tively one-dimensional. We focus on the parallel component
of the momentum equation in the full fluid equations, treat-
ing the perpendicular diffusion equation as a source term in
the parallel equations. Assuming the cross-field viscosity as
η ≡ αnim i D with constant ion temperature, the governing
equations become
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whereα is the constant normalized viscosity,S is an ioniza-
tion source,cs ≡ √

(Z Te + Ti)/m i is the ion acoustic speed,
D is the anomalous cross-field diffusivity,ni is the ion den-
sity, ne is the electron density,n∞ is the unperturbed plasma
density,V is the fluid velocity,φ is the electrostatic poten-
tial, e is the absolute electron charge, and⊥ indicates a direc-
tion perpendicular to the magnetic field direction (z). Here,
the phenomenological cross-field flux of ions and isother-
mal electrons are assumed to beni V ⊥ = −D∇⊥ni , and
ne = n∞ exp[eφ/Te], respectively. In order to complete the
above equations, the ionization source (S(z, v)) should be de-
fined. It has been assumed to take various forms such as
K |v| f∞(v),8) K n(z) f∞(v)9) and K g(z)n(z) f∞(v),10) where
K is a normalization constant andg(z) is a shape function.
Due to weak dependence of spatial variation of ionization to
the collection of ions to the probing object,11) we can assume
thatS is proportional to the transport source, i.e.,

S(z) ≡
∫

dvS(z, v) ≡ ne(z)
∫

dv〈σv〉ion fn(v)

≈ β D∇2
⊥n(z),

where〈σv〉ion is the ionization reaction rate,fn(v) is the dis-
tribution function of neutral particles, andβ is a constant ra-
tio of ionization to the cross-field transport source.β indi-
cates that there will be a larger volume source due to ion-
ization in the presheath if more particles are transported into
the presheath with constant neutral particles. Since we treat
the presheath as one-dimensional, the right-hand sides of
eqs. (1) and (2) can be simplified by the following nondi-
mensional variables and approximations in the cross-field di-
rection: ∇⊥ Q ≈ (Q∞ − Q)/a, ∇2

⊥ Q ≈ (Q∞ − Q)/a2,
n ≡ ni/n∞, M ≡ Vz/cs, y ≡ z/Lp, whereQ is a general
parameter for density and flow velocity,∞ indicates the pa-
rameter outside the presheath,a is the half-size of a probing
object, andLp is the characteristic length of the presheath
(≡a2cs/D). Then, eqs. (1) and (2) become the following
nondimensional equations:

d

dy
(nM) = (1 + β)(1 − n), (3)

nM
d M

dy
+ dn

dy
= (1 − n)[(1 + α)M∞ − (1 + α − β)M].

(4)
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Rearrangement of these equations leads to

dn

d M
+ F(M)n(M) = 0, (5)

whereF(M) = [(2 + α)M − (1 + α)M∞]/[1 + β − (1 +
α)M∞M + (1+α − β)M2∞]. Since eq. (5) is a first-order ho-
mogeneous differential equation, application of the Dirichlet
boundary condition (n = n∞ = 1, whereM = M∞) leads to
the following solution for plasma density:

n(M) = G(M) exp[A{arctan(B(M)) − arctan(C)], (6)

whereG(M) = [{1+β−βM2∞}/{(1+α)M2−γ M∞M +1+
β}]δ, A ≡ (α −β)γ M∞/(α + 1)

√
q, B(M) ≡ {2(α + 1)M −

γ M∞}/√q, C ≡ (1 + α − β)M∞/
√

q, γ = (1 + α + β),
δ = (1+γ )/(2+2α) andq = 4(1+α)(1+β)−γ 2M2∞. From
this, the sheath densityns is simply calculated asn(M = 1),
andns can be treated as the sheath current density because the
nondimensional sheath velocity (Ms = 1) is equal to one, i.e.,
Js = nsMs = ns. The analytic relation between the ratio (R)
of sheath current densities and the flow Mach number (M∞)
is determined as

R ≡ ns(M∞ > 0)

ns(M∞ < 0)
=

[
1 + γ + γ M∞
1 + γ − γ M∞

]δ

× exp[A{arctan(B(M = 1)) + arctan(D)}],
(7)

whereD ≡ {2(α + 1) + γ M∞}/√q.
Figure 1 shows the sheath current density (Js) as a function

of plasma flow velocity (M∞) for different ionization ratios
(β) and normalized shear viscosities (α). Js increases with
increasing ionization rate (β) for the same plasma flow (M∞)
and normalized shear viscosity (α). For M∞ < 0 (plasma
flows away from the object), the effect of ionization on the ion
collection becomes stronger forα > 0. For the sameM∞ and
α, the deduced unperturbed plasma density (n∞) is overesti-
mated for increasingβ. Figure 2 shows the ratio (R) of sheath
current densities of plasma flow velocity (M∞) for different
ionization ratios (β) and normalized shear viscosities (α). R
increases withβ, M∞ andα. The contribution of ionization
decreases the ratio of sheath current densities collected by the
two separate tips of a Mach probe forα > 0. Thus, in the re-
gion where active ionization occurs, such as near the X-point,
private region, fat SOL, and in detached divertors, the deduc-
tion of the plasma flow velocity from the same ratio (R) for a

-1.0 -0.5 0.0 0.5 1.0

0.0

0.2

0.4

0.6

0.8

1.0

=1

=2

=0

=0.0

=1.0

8M 

Js

Fig. 1. Sheath current density in terms ofβ andα for |M∞| ≤ 1. Open
squares represent the results without ionization (β = 0) and open circles
represent those with ionization (β = 1).
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Fig. 2. Ratio (R) of sheath current densities obtained by a Mach probe ver-
sus M∞ in terms ofβ andα. Open squares represent the results with-
out ionization (β = 0) and open circles represent those with ionization
(β = 1). + and× indicate the results of Hutchinson12) and Stangeby,13)

respectively.

fixedα would be underestimated.
In summary, analytic solutions are derived from one-

dimensional fluid equations with an arbitrary ionization
source in order to quantify the effect of ionization on the
deduction of flow velocity from the measurement of sheath
current densities in magnetized flowing plasmas of fusion de-
vices. The analytic relation between the sheath current ratio
and the unperturbed flow velocity is determined in terms of
ionization ratio and normalized shear viscosity. The measured
plasma flow velocity would be underestimated in the strong
plasma-neutral interacting presheath without the contribution
of ionization to the presheath source.
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