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Abstract
A new unmagnetized collisional Mach probe theory is developed in order to resolve the
collisional effect on Mach probe analysis by including ionization, charge and momentum
transfer of ions in the perturbation region of a Mach probe. A fluid model is established by
assuming Boltzmann electrons and taking the moments of the one-dimensional Boltzmann
transport equation, which contains the two-dimensional transport information as a source, after
adding a collisional term. A new relation between the flow velocity and the ratio of the ion
sheath current densities is obtained, and is compared with those by a collisionless kinetic
theory and a particle-in-cell simulation in the applicable range of these theories. A new
relation between flow velocity and the ratio of the ion sheath current densities shows that
ion–neutral collisions have a very strong effect to produce much smaller Mach numbers from
the same ratio than those by collisionless models.

1. Introduction

Flow measurements in the edge and scrape-off layer (SOL) are
important to understand the edge physics in fusion devices, to
control impurities and in advanced confinement. To measure
the plasma flow, a Mach probe has been used in various fusion
devices such as Tore Supra [1], DIII-D [2] , ASDEX-U [3],
Alcator C-Mod [4], HL-1 [5], CDX-U [6] and CASTOR [7].
A typical Mach probe is composed of two directional electric
probes located on opposite sides of an insulator. Figure 1 shows
the top view of a typical Mach probe and the profiles of the
normalized densities and flow velocities along the upstream
side (ram) and the downstream side (wake).

For a fusion devices, magnetized Mach probe theories
have been applied to the data analysis along the toroidal
direction and these theories are well established. As for the
experiments to measure the flow velocity in unmagnetized
plasmas, there have been attempts for torch plasmas [8], mirror
plasmas for rotation [9], fusion plasmas for E × B shear
flow [10], laboratory plasmas [11–13] and ion sources [14, 15].

In these experiments, for the analysis of torch plasmas, theories
of Langmuir [16], Johnson and Murphree [17], Hudis [18]
and Chung [19] are used; for the mirror plasmas, those of
Chung [19] and Hutchinson [20]; However, there has been
no prevailing unmagnetized Mach probe theory, although the
unmagnetized Mach probe becomes important in industrial
applications and in space plasma propulsion experiments, even
in the deduction of E × B shear flow in fusion devices.

For the magnetized Mach probe, there have been fluid
theories [10, 21–24] and a kinetic one [25] with experimental
confirmations [2, 6, 7, 26–28] in order to verify the role of shear
viscosity, which show reasonable agreement between theories
and experimental data. For the unmagnetized Mach probes,
Mott-Smith and Langmuir [16] gave the first description of
ion collection in the case of Maxwellian ion distribution
with a superimposed drift velocity. Kanal’s theory [29] was
utilized by Johnson and Murphree [17] to determine the plasma
velocity in a plasma jet stream from the measurement using two
cylindrical electric probes which are mutually perpendicular.
Hudis and Lidsky [18] used a one-dimensional fluid model to
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Figure 1. Effect of drift flow on collection at both ram (upstream)
and wake (downstream) sides. The curves for 1 (dotted lines) are
normalized density and flow profiles without drift flow (M∞ = 0)
and those for 2 (solid lines) are those with drift flow (M∞ �= 0).
Large solid dots of the upper part are the electric probe tips and z is
the coordinate for the flow direction.

explain their experimental results. Chung [19] gave a one-
dimensional kinetic description for unmagnetized Mach probe
and Hutchinson [20, 30] presented PIC simulation results
on spherical geometry in unmagnetized flowing plasmas
recently.

Hutchinson [31] pointed out the improper use of the
Hudis model [18] for deducing plasma flow in unmagnetized
plasmas in the experimental studies of Hsu [11], Shinohara [12]
and Oksuz [13]. The model of Hudis and Lidsky is a one-
dimensional cylindrical model assuming that potential drops
at the downstream and upstream probe are changed by drift
velocity and the difference of the potential drops could be
deduced from the ion energy conservation. Although this
model is applicable to the cylindrical probe with assumption
of mono-energetic plasma up to the sheath edge with low ion
temperature (Ti∞ � Te) and smaller drift velocity (vd � vti),
their choice of very low ion temperature is accidental, since
their model is applicable only for Ti/Te ∼ 0.1, but neither for
Ti/Te → 1 nor for Ti/Te → 0.

Hershkowitz [32] measured two-dimensional potential
profiles in the wake region of a Mach probe and reported
about 1 cm of the sheath region in front of the probe in
their experimental conditions. They mentioned that the Hudis
model is not so bad an approximation in assuming the ion
motion as one-dimensional motion. They also reported similar
results of laser induced fluorescence (LIF) and Mach probe
measurements [33].

However, a more reliable unmagnetized Mach probe
theory has to be developed for a general geometry and
comparison with independent measurement technique such as
LIF should be done. Especially, collisions in the presheath
and sheath should be included, which have been neglected in
the existing Mach probe models, to overcome the limitation to
application to collisional plasmas such as atmospheric or high
pressure plasmas, tokamak edge plasmas because of the high
neutral densities due to recombination of charged particles and
neutral gas feeding to detach the plasma from the wall. In this
work, we have developed the collisional and unmagnetized
MP theory including the collision terms with the Boltzmann
equation.

2. Fluid model of a Mach probe in unmagnetized
plasma

To apply a proper model to analyse the data of a Mach probe,
one has to figure out the type of collisionality around the
sheath, i.e. whether the sheath and presheath is collisional
or not. As scale lengths of collision and ionization, Debye
length, momentum collision length and ionization mean free
path should be compared, which are given as functions of the
temperatures of electrons, ions and neutrals, plasma density
and neutral pressure, accordingly:

λD = f (ne, Te), λm = f (p, Tn, Ti) ≈ f (p, Tn),

and λiz = f (p, Tn, Te).

For the collisionless sheath, the condition: λiz � λD ≈
Lsheath should be satisfied. Then the applicability of the
collisional Mach probe theory should be determined based
on whether the momentum collision length and ionization
mean free path are shorter than the size of the presheath,
i.e. the normalized collision frequencies are larger than
unity or not.

Although there are several papers concerning the
collisionality around the sheath, they have treated the
stationary cases [31–33, 37]. To cover the case of flowing
plasmas, we consider a kinetic treatment of the unmagnetized
Mach probe given by Chung [19]. He treated the two-
dimensional problem of the Mach probe as a one-dimensional
problem by introducing particle inflow in the perpendicular
direction to the wake region, which is driven by a density
difference between the perturbed transition area and the
external plasma. As shown in figure 1, the ion saturation
currents collected from the upstream and downstream sides
are different from each other, and the ratio of the ion saturation
current density of the upstream side (Ju) to that of downstream
(Jd) is a function of the drift velocity, which is generally
expressed as an exponential form

R = Ju

Jd
= exp[KM0], (1)

where M0 = vd/
√

Te/mi and vd is the drift speed. Here the
calibration factor K is a function of the magnetic flux density,
ion temperature, plasma viscosity or collisionality of plasma
and neutrals, etc, and it is 1.2 , 1.0, 0.9 for Ti = 0.2, 1.0, 2.0 Te,
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respectively, for the case of Chung’s kinetic model of an
unmagnetized plasma.

Hudis and Lidsky [18] derived the same form as
equation (1) and their calibration factor is given as K =
4
√

Ti/Te. Hutchinson presented interesting results on ion
collection by a sphere in a flowing plasma. He used the
particle-in-cell (PIC) code and gives a K factor of 1.34 for
Ti < 3Te in the case of a zero Debye length assumption
[20]. However, the K factor for Ti < Te becomes much
less than 1.34, say 0.89–1.10, and his calculation is for a
spherical geometry. From the Boltzmann equation, Chung
developed a collisionless unmagnetized Mach probe theory
and the Boltzmann equation is modified as a one-dimensional
equation [19]. By adding a collision term and taking moments,
we expand Chung’s kinetic model to a collisional fluid
model:[
vz

∂

∂z
− Ze

m

dφ

dz

∂

∂vz

]
f (v, z)

= W

[
1 − n(z)

no
fo(v)

]
+

(
δf

δt

)
collision

, (2)

where f (fo) is the ion velocity distribution function along
the presheath (unperturbed region), vz is the kinetic velocity
of the ions in the z direction, Z is the ion charge, m is the ion
mass, φ is the electrostatic potential, n (no) is the ion density
along the presheath (unperturbed region), W is the frequency
for ions to enter the presheath (≡vti/a), vti is the ion thermal
velocity and a is the probe radius. The first term of the right-
hand side of equation (2) is the source due to the perpendicular
transport, containing the two-dimensional information, so that
equation (2) becomes an approximate transport equation with
a collisional term which is not included in Chung’s original
model. By taking moments, equation (2) is converted into the
following systems of fluid equations:

n
dV

dz
+ V

dn

dz
= νizn +

vti

a
(no − n), (3)

mnV
dV

dz
= enE − kTi

dn

dz
− mn(νiz + νm)(V − vd)

+
vti

a
m(no − n)(vd − V ), (4)

where V, E, Ti, k, νiz and νm are ion fluid velocity, electric field
along the presheath, ion temperature, Boltzmann constant,
ionization collision frequency and momentum collision
frequency, respectively. Electron density is assumed to follow
the Boltzmann relation:

n = no exp

(
eφ

kTe

)
. (5)

Using the following dimensionless variables: N ≡ n/no, x ≡
z/a, M ≡ V/Cs, M0 ≡ vd/Cs, Cs ≡ √

(kTe + kTi)/m,
Vt ≡ vti/Cs, ν

∗
m ≡ νma/Cs and ν∗

iz ≡ νiza/Cs, the governing

equations become

N
dM

dx
+ M

dN

dx
= ν∗

izN + Vt(1 − N), (6)

NM
dM

dx
+

dN

dx
= −N(ν∗

iz + ν∗
m)(M − M0)

+ Vt(1 − N)(M0 − M). (7)

The left-hand side terms of the normalized momentum
equation (equation (7)) are obtained from the balance of
ion inertial force (mnV dV/dz), electrostatic force (enE =
−en(dφ/dz)) and the ion pressure gradient force (−kTidn/dz):

mnV
dV

dz
− enE + kTi

dn

dz
= mnoC

2
s

a
NM

dM

dx

+
(kTe + kTi)no

a

dN

dx
= mnoC

2
s

a

(
NM

dM

dx
+

dN

dx

)
,

where en(dφ/dz) = kTe(dn/dz) is used from the Boltzmann
relation. These equations can be written as

dN

dx
= M0 − 2M

1 − M2
V ∗

t +
ν∗

izN(M0 − 2M) + ν∗
mN(M0 − M)

1 − M2
,

(8)

dM

dx
= (M∗ + 1)V ∗

t

(1 − M2)N
+

ν∗
iz(M

∗ + 1) + ν∗
mM∗

1 − M2
, (9)

where Vt
∗ ≡ (1−N)Vt and M∗ ≡ M2 −M0M . If the collision

terms in equations (8) and (9) are not neglected, solutions of
N(x) and M(x) cannot be given by the analytical method.
However, N(M) can be given as Stangeby did [21] in his
magnetized fluid theory as the following:

dN

dM

= (M0 − 2M)NVt
∗ + ν∗

izN
2(M0 − 2M) + ν∗

mN2(M0 − M)

(M∗ + 1)Vt
∗ + ν∗

izN(M∗ + 1) + ν∗
mNM∗ .

(10)

For most cases of obtaining the density profile (n(M)) or
sheath density (n(M = 1)), we solve equation (10) for the
relation between the sheath current densities and the Mach
number, yet there is a critical difference between the solution
of the full equations (8) and (9) and that of equation (10),
which is shown in figure 2. Solutions of the simplified
differential equation (dN/dM) often produce non-physical
solutions in the range of interest (−1 < M < M0), which
produces the case that the normalized density (N ) becomes
larger than the unperturbed one (No = 1). However, those
by full, or separate, differential equations for the density and
fluid velocity (dn/dx, dM/dx) give physical solutions, i.e.
−1 � N(M) � 1. So to avoid this inconsistency, it would
be better to solve the full equations (8) and (9) than to use
equation (10).

Without ion–neutral collisions (ν∗
m = 0), equation (10)

becomes the following:

dN

dM
= N

(M0 − 2M)(V ∗ + ν∗
izN)

(M2 − M0M + 1)(V ∗ + ν∗
izN)

= N
M0 − 2M

M2 − M0M + 1
, (11)
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Figure 2. Difference between solution of dN/dM and solution of
full equations (dN/dx and dM/dx), (a) solution of full equations,
(b) solution of dN/dM . Physically the normalized density N should
not be larger than 1.

which produces

N(M) = 1

M2 − M0M + 1
. (12)

Hence the ratio of the upstream to downstream sheath current
densities is given as

R(M0) = n(M = +1)

n(M = −1)
= 2 + M0

2 − M0
≈ exp[M0], (13)

where the approximation is for 0 < M0 < 0.5. By taking the
derivative of equation (12), the maximum density is obtained
as Nm = 1/(1 − M2

0 /4), which is larger than the unperturbed
density (No = 1). This is non-physical for the density profile
along the presheath (−1 � N � 1, for −1 � M � M0).

Although the final equations of dn/dM, n(M) and R(M0)

are the same as Stangeby’s [21] for the magnetized flowing
plasmas, the equations of dN/dx and dM/dx are different
from each other indicating the different transport rates in the
perpendicular direction (D⊥/a2 versus vti/a ). Besides, the
perturbation length (a) is much shorter than that of Stangeby
(L‖ ∼ a2cs/D⊥). The (temporal) rate of flux flowing into
the perturbed region for Stangeby’s case (D⊥/a2) is totally
different from that of the present one (vti/a), because the
former is based upon the momentum convection in magnetized
plasmas, while the latter is due to particle inflow by the density
gradient in unmagnetized plasmas, and the former is usually
lower than the latter.

3. Results

For the maximum ionization cross section of argon
(Ei = 80 eV), the ionization mean free path is given as
0.0015 mm at atmospheric pressure and it increases with
decreasing pressure. Since electron temperatures are usually
less than 10 eV for low temperature plasmas, practical
ionization mean free paths are 16 mm, 0.06 mm and 0.008 mm
for Te = 2 eV, 5 eV and 10 eV, respectively. For most
low temperature industrial plasmas with densities of 108–
1014 cm−3 and electron temperatures of 1–10 eV, the Debye

length, as the scale length of the sheath, is given in the range
0.0007–2 mm. Based upon these mean free paths and Debye
lengths, the collisionality of the sheath and presheath should
be characterized.

To calculate the current ratio for a collisional Mach probe,
one has to find the collision frequency first. In a laboratory
plasma, the ion temperature (or speed) range is given as
0.025 eV ∼ 0.5Te eV and in the low energy range the cross
section of ion collisions falls almost linearly in the range
0–5 eV (Ar: (80–70) × 10−16 cm2, charge transfer + elastic
collision) [38]. Then the constant collision frequency model
is more reliable than the constant mean free path model. For
argon, the momentum collision frequency is given by,

νm = 1.1 × 107 × P (Torr s−1). (14)

The ionization collision frequency is given as

νiz = α
P

Tn
(s−1), (15)

where α is 7.25 × 109 (Torr K)−1 for Te = 4 eV in argon
plasmas [38, 39]. The ionization cross section data are given
on the NIST homepage [40].

However, since the data are given for mono-energetic
electrons, an averaged ionization cross section can be
calculated as

〈σiz(Te)〉 =

∫
σ(ε)f (ε) dε∫

f (ε)dε
(16)

to be used for a fluid model. For the calculation, the averaged
ionization cross section is expressed as a polynomial function
of Te:

〈σiz(Te)〉/10−20 = A + B1 × Te + B2 × T 3
e

+ · · · (cm2, Te (eV)), (17)

where A = −156, B1 = 320, B2 = −217, B3 = 57.9, B4 =
−4.92, B5 = 0.145 for 1 < Te < 10 (eV) .

We calculate the ratio of upstream and downstream
currents from the full equation set, and it is shown in figure 3,
for the following collisional conditions: ν∗

iz = 25, ν∗
m =

350, Vt = 0.4 , which are obtained by the following plausible
condition for a torch plasma with high pressure: gas = argon,
pressure = 50 Torr, density � 1013 cm−3, Te � 4 eV, Ti �
0.8 eV, probe size � 2 mm. For these conditions, the ratio of
ion saturation current densities (R) is measured as 8–9 for the
core plasma of the torch (0 < r < 2 cm).

In the previous collisionless models, the ratio of the
current densities can be expressed as an exponential form:
R = exp[KM0], K = 1.2 from Chung’s kinetic model,
K = 1.79 from Hudis and Lidsky’s and K = 1.34 from
Hutchinson’s PIC model for Ti/Te = 0.2. However, the
result of the present collisional model cannot be fitted in
exponential form with constant calibration factor (K), rather
K is a function of the Mach number, which is given as
K ≈ 6.57(1 − 1.5M0 + 5.67M2

0 ). Here M0 is normalized
by

√
Te/mi in order to be consistent with previous models
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Figure 3. Collisional effect on the Mach probe deduction from the
current ratio, (a) 1 � R < 300, (b) 1 � R � 3. CL is for the case of
Vt = 0.4, ν∗

iz = 25, ν∗
m = 350. In the form of R = exp[KM0],

K = 1.2 from Chung’s kinetic model [19], K = 1.79 from Hudis
and Lidsky [18] and K = 1.34 from Hutchinson’s PIC model for
Ti/Te = 0.2 [20]. For the collisional model with ν∗

iz = 25,
ν∗

m = 350, Vt = 0.4 (Ti/Te = 0.2), K ≈ 6.57(1 − 1.5M0 + 5.67M2
0 ).

for the comparison. Inclusion of the ion–neutral collision
produces a much larger ratio for the same drift velocity than
do the collisionless models. Hence from the same ratio of
current densities, the deduced Mach number is much smaller
than those from collisionless models. For example, if one
measured the ratio (R) as 8, then the Mach number (M0)
deduced by the present collisional model is about 0.3, while
those by Hutchinson and Chung are 1.55 and 1.73, respectively.
If R = 3, then M0 is 0.17, 0.82 and 0.92 according to
collisional, Hutchinson and Chung’s models, respectively. So
the difference between the collisionless kinetic and PIC models
is about 5% for R = 3 and 8, but it is about 500% for each
value of R between the collisional and collisionless models.

4. Conclusion

The collisional effect on the presheath is investigated to deduce
the plasma flow in high pressure plasmas by introducing a new
unmagnetized collisional Mach probe theory. Inclusion of ion–
neutral collision effects produces a larger ratio of ion saturation

currents, so that the same ratio yields a much smaller Mach
number. As an example, for the highly collisional plasma
such as the argon plasma with a pressure of 50 Torr Te = 4 eV,
Ti = 0.8 eV and ne ≈ 1013 cm−3, the calibration factor K in
R = exp[KM0] is given as K ≈ 6.57(1 − 1.5M0 + 5.67M2

0 ),
while the Ks of collisionless kinetic, fluid and PIC models are
given as 1.2, 1.79 and 1.34, respectively. The flow velocity is
deduced as ∼1 km s−1 with inclusion of collision parameters,
while it could be approximately ∼5 km s−1 from collisionless
models [19, 20]. So without collisionality, the deduced Mach
number would be overestimated. Further confirmation of the
Mach probe results in collisional plasmas should be done by
comparison with numerical simulations or the laser-induced
fluorescence method.
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