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The length of the presheath, L, due to an object in a magnetized flowing plasma is scaled by
a characteristic length L‖; i.e., L = KL‖ = Ka2Cs/D⊥, where a, Cs, and D⊥ are the size of

the perturbing object, the ion acoustic speed (≡
√

(ZTe + Ti)/mi), and the cross-field diffusivity,
respectively. The scale factor K is calculated as a function of transport parameters, such as the
drift velocity and the ratio of viscosity to diffusivity, by using fluid theories, and practical sizes of
the presheaths, in terms of the density perturbation, are obtained from the analytical solutions of
one-dimensional fluid models of the magnetized plasma.

I. INTRODUCTION

The physics of a tokamak edge plasma [1], the mecha-
nism between a plasma and a target in plasma processing
such as plasma etching [2], and the interaction between
a Space Shuttle and the surrounding plasma in a low-
earth orbit [3] have common features: (i) the plasmas
are magnetized (ion gyroradius, ρ < typical object size,
a), (ii) the plasmas are flowing toward an object, and (iii)
the characteristics of the plasmas are not well quantified.
In particular, in diverted tokamaks, an understanding of
the scrape-off layer (SOL) plasma is becoming more im-
portant than ever [4].

When the magnetic field is strong enough that the ion
gyroradius is substantially smaller than the probing ob-
ject, ion collection across the field is diffusive even if the
parallel flow is dominated by inertial effects. As a result,
the quasi-neutral presheath region, where the accelera-
tion of the ions occurs into the sheath, becomes highly
elongated along the field until the cross-field diffusion is
able to balance the parallel collection flow [5]. Since the
variation of the cross-field momentum is unimportant in
this process, it appears attractive to attempt to simplify
the problem by treating the presheath as effectively one-
dimensional. Taking the cross-sectional area of the flux
tube to be πa2 and the side area of it to be 2πL‖a, we
find that the natural collection length L of the probe for
ions is on the order of the characteristic length of the
presheath L‖, which has the form a2Cs/D⊥ with Cs and
D⊥ being the ion acoustic speed (≡

√
(ZTe + Ti)/mi)

and the cross-field diffusion coefficient, respectively.
The presheath length plays an important role in mea-

surements of the flow velocity and the viscosity by Lang-
muir probes [6], control of edge turbulence by feedback

probes [7], or determination of the correlation parame-
ters in turbulent tokamak edge plasmas [8,9]. The flow
velocity, the ratio of viscosity to diffusivity, the ion-
ization ratio, or the polarity of the bias to a perturb-
ing object affects the determination of the presheath
length. Besides, various fluid models produce different
presheath lengths. For example, from the SOL condi-
tions of the TEXT [7], Te ≈ 30 eV, Ti(H+) ≈ 30 eV,
ne ≈ 2 × 1018 m−3, and BT ≈ 2 T, the characteristic
length of the presheath due to ions for a = 1.25 mm
is given as L‖ ≈ a2Cs/D ≈ 0.1 m. However, from
the experiment on feedback control of edge turbulence
in TEXT [7], one finds the length of the perturbation,
or parallel correlation length, to be ∼ 10 m for the pos-
itive bias case, which is much longer than the ‘normal’
ion characteristic length of the presheath, which is de-
fined for the negative bias. Neither the total length of
the presheath nor the characteristic length is clearly de-
fined, nor is it easily calculated [10–16].

The purpose of this paper is to define a characteristic
length as a unit of length to measure the presheath due
to a perturbing object along magnetized flowing plasmas,
and to calculate the total presheath length according to
various fluid models, as well as according to a new mod-
ified model, and to calculate the total presheath length
as a function of the transport parameters. In Section II,
a way of defining the characteristic length is given, and
various fluid models, along with a new modifed model
are introduced in the Section III, effect of the transport
parameters on the total length of the presheath is shown
in the Section IV, and a summary will be given in the
last section.

II. CHARACTERISTIC LENGTHS OF THE
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Table 1. Definitions of ζ.

ζ Ti = Te case Reference(s)

2 2 10

[Te/(ZTe + Ti)]
1/2 0.7 11

[Te/(Te + Ti)]
1/2 0.7 12,13

2[Te/(Te + Ti)]
1/2 1.4 14,15

(2Te/Ti)
1/2 1.4 16

PRESHEATH

Into a volume πa2dz of the probe flux tube of force
defined by a probe of circular cross-section with radius
“a”, there are

Nin/sec ≈ πa2dz

∫
W (z, v)f∞(v)dv

particles per second transported from outside into inside
the tube and there are

Nout/sec ≈ πa2dz

∫
W (z, v)f(z, v)dv

particles per second transported out of this volume,
where f∞(v) and f(z, v) are the ion distribution function
outside and inside the presheath, respectively. Then, the
net flux transferred through the surface adz is found by

jnet =
(Nin −Nout)/sec

2πadz

=
a

2

∫
W (z, v)[f∞(v)− f(z, v)]dv. (1)

The frequency W (z, v) can be related to a trans-
verse transport coefficient, which can be expressed by

Fig. 1. Sheath current densities in terms of M∞
where α = 1 except as indicated: S=Stangeby (α = 0)
[12], H=Hutchinson [11], C=Chung [17], M=Mixed, and
K=Kinetic analysis [10].

Fig. 2. Density variations along the presheath for various
models with α = 1 except as indicated. Data are plotted up
to the point where n = 0.99n∞. S=Stangeby (α = 0) [12],
H=Hutchinson [11], C=Chung [17], and M=Mixed.

D⊥(z, v). It is assumed that the probe dimension a is
small compared to any cross-field density gradient ex-
isting in the probe’s absence. In this case, the probe
induces a cross-field density gradient (∼ ∇

∫
f(z, v)dv ∼

1/a
∫
f(z, v)dv), drawing plasma into the flux tube which

it terminates in the longitudinal direction. Then, the
transverse flux is obtained by

jnet = −∇
∫
D⊥(z, v)f(z, v)dv

= −1
a

∫
D⊥(z, v)[f(z, v)− f∞(v)]dv. (2)

Fig. 3. Total length of the free presheath in terms of the
scale factor K, such that L = KL‖, for the case of n(L90) =
0.9 (open legends) and n(L95) = 0.95n∞ (closed legends).
S=Stangeby (α = 0) [12], H=Hutchinson [11], C=Chung [17],
and M=Mixed.
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Fig. 4. Variation of the scale factor K in terms of the
normalized viscosity α. The K’s are for the case of n(y =
L90) = 0.9n∞.

From Eqs. (1) and (2), the frequency W (z, v) has the
form W (z, v) = 2D⊥(z, v)/a2, and D⊥(z, v) is an anoma-
lous cross-field diffusion coefficient depending upon posi-
tion and velocity. Here, the length at which the flux tube
terminates in the longitudinal direction is the presheath
length and should be known for the analysis of a flowing
magnetized plasma.

In order to determine the characteristic length of this
problem, we take the characteristic speed of ions as

v‖ ≈ Vs, v⊥ ≈
D⊥
a
,

where Vs(≡ (Te/mi)0.5) is the ion sound speed. Taking
the cross-sectional area of the flux tube to be ∼ πa2 and
the side area of the flux tube to be ∼ 2πaL‖, where L‖ is
the natural collection length of the probe for ions, we find
that the flux toward the probing object(∼ πa2) should
be balanced by the flux coming through the flux tube
surface (∼ 2πaL‖), which leads to∫

f(z, v)πa2v‖dv ≈
∫
f(z, v)2πaL‖v⊥dv.

Hence, the ion collection length is obtained as

L‖ ≈
av‖

2v⊥
≈ a2Vs

2D⊥
≈ Vs
W
.

The above formulae for the cross-field exchange fre-
quency and the natural collection length are not fixed,
even though the scaling is right. As for the characteristic
length of the presheath, there is a variation of coefficients
among authors, but that length can be summarized as
follows [10–16]:

L‖ =
a2Vs
ζD⊥

, (3)

where ζ presented by different authors when Z = 1 is
given in Table 1.

Although there is a variation of ζ ∼ 0.7 − 2 with
different authors for Ti = Te and Z = 1, the definition
given by Hutchinson and by Stangeby is mostly used in
the fluid model [11–13], so we will follow their convention
from now on; i.e.,

L‖ =
a2Cs
D⊥

, (4)

where Cs(≡
√

(ZTe + Ti)/mi) is the ion acoustic speed.
So far we have treated the case when there is no drift
flow outside the presheath. If there is a net drift flow,
the total presheath length L would be scaled by a factor
of L‖. Besides this, the assumption that the parallel
velocity along the presheath, v‖, is Vs or Cs is only valid
near the surface of the perturbing object. Also the cross-
field velocity, v⊥, is ∼ D⊥/a ∼ aW (z), and is not the
same along the presheath, either. Thus, the actual total
length of the presheath is not L‖, but should be scaled
by L‖; i.e.,

L = KL‖,

where K is a scale factor depending upon the transport
parameters such as the flow velocity, the ratio of viscosity
to diffusivity, the ionization ratio, etc.

III. GOVERNING EQUATIONS AND
APPROXIMATIONS

From the steady-state fluid equations for ions without
a volume source and collisional friction, if we focus on the
parallel component of the momentum equation, and if we
treat the cross-field diffusion equation as a source term in
the parallel equations, we can obtain the following fluid
equations:

∂

∂z
(niVz) = D⊥∇2

⊥ni, (5)

∂

∂z
(niV 2

z ) + C2
s

∂ni
∂z

= D⊥∇⊥ · (Vz∇⊥ni)

+∇⊥ ·
( η

mi
∇⊥Vz

)
. (6)

Here, the following assumptions are used: (i) the cross-
field diffusivity D⊥ is constant, (ii) the parallel viscosity
is the classical viscosity, (iii) the θ-component is negligi-
ble, (iv) Ti and Te are constant, (v) the phenomenological
cross-field flux of ions is given by niV⊥ = −D⊥∇⊥ni,
and (vi) electrons are isothermal, ne = n∞ exp[eφ/Te]
for a large negative bias. Here, ⊥ means perpendicular
to the magnetic field direction (z), ne is the electron den-
sity, and n∞ is the unperturbed plasma density. Equa-
tion (6) indicates that the parallel momentum transfer
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and the pressure gradient are balanced by the perpendic-
ular momentum transfer which is composed of diffusion
and viscosity terms.

Using the nondimensional variables

n ≡ ni
n∞

, M ≡ Vz
Cs
, y ≡ z

L‖
, ∇ ≡ a∇⊥,

Eqs. (5) and (6) can be expressed as

∂

∂y
(nM) = ∇2n, (7)

∂

∂y
(nM2)+

∂n

∂y
=∇ · (M∇n)+∇ ·

( η

min∞D
∇M

)
.(8)

Here, the viscosity contribution of Eq. (7)

S ≡ ∇ ·
( η

min∞D⊥
∇M

)
(9)

can be approximated as [17] (i) α(M∞ − M),
(ii) αn(M∞−M), (iii) α(1−n)(M∞−M), or (iv) α(1−
2n)(M∞ −M), where α is a normalized viscosity. Here,
any of these approximations is as mathematically valid
as the others. Among these approximations, only the
combination of Eq. (9) with (iii) produces an analytic
solution for an arbitrary α, which leads to

dn

dy
= (1− n)

[(1 + α)M∞ − (2 + α)M ]
(1−M2)

, (10)

dM

dy
=

(1−n)
n

[1−(1+α)M∞M−(1+α)M2]
(1−M2)

. (11)

Here, Stangeby assumes that the particle/momentum
transport into the flux tube is convective, i.e., α = 0 [12].
Then, the above equations have simpler forms without
viscosity contribution.

IV. ANALYTIC SOLUTIONS AND RESULTS

Dividing Eq. (10) by Eq. (11) leads to

dn

dM
+ F (M)n(M) = 0, (12)

where F (M) ≡ [(2 + α)M − (1 + α)M∞]/[1 − (1 +
α)M∞M+(1+α)M2

∞]. This is a first-order homogeneous
differential equation, and we can apply either a Dirichlet
(n = const) or a Neumann (dn/dM = const) boundary
condition at the boundary (M = M∞) [18]. The choice
of either condition is mathematically arbitrary although
the one which is should be taken for each physical model.
Chung derived a modified analytic solution of the above
equations as the following [17]:

n(M) =
1

G(M)δ
exp

[
αM∞√

q

×
{

arctan
(1+α)(2M−M∞)

√
q

−arctan
(1+α)M∞√

q

}]
,(13)

where δ = (2 +α)/(2 + 2α), q = 4(1 +α)− (1 + α)2
M2
∞,

and G(M) = (1 +α)M2− (1 +α)M∞M + 1. This is the
case ofM∞ > 0 with a Dirichlet boundary condition. For
the case of M∞ < 0 with a Neumann boundary condition
the following solution is also given:

n(M) =
[

1− γ2M2
∞

G(M)

]δ
exp

[
αM∞√

q

×
{

arctan
(1 + α)(2M −M∞)

√
q

− arctan
(1 + α)(2γ − 1)M∞√

q

}]
. (14)

From these, the sheath current density is calculated as

Js = n(y = 0)×M(y = 0) ≡ n(M = 1)× 1 ≡ ns.

Hutchinson’s analytic solution [11], which is approxi-
mately obtained in order to be compared with his nu-
merical results, underestimates the sheath current den-
sity compared with that obtained by using a kinetic the-
ory [10], while Chung’s [19] overestimates it, so it would
be appropriate to take the average of two and make the
average a new solution for the density variation:

n(M) = 0.5×
(
p(M)β exp[−r(M)] +

1
G(M)δ

× exp
[
αM∞√

q

{
arctan

(1 + α)(2M −M∞)
√
q

− arctan
(1 + α)M∞√

q

}])
(15)

for M∞ > 0, and

n(M) = 0.5×
(
p(M)β exp[−r(M)]+

[
1−γ2M2

∞
G(M)

]−δ
× exp

[
αM∞√

q

{
arctan

(1+α)(2M−M∞)
√
q

− arctan
(1 + α)(2γ − 1)M∞√

q

}])
(16)

for M∞ < 0. Here,

β=(M2
∞+4M∞+3)(M3

∞+3M2
∞+7M∞+5)/8,

p(M) = 1 + 2(M −M∞)/(M2
∞ + 4M∞ + 3),

r(M) = [(M3
∞ + 3M2

∞ + 7M∞ + 9)(M −M∞)
− (M −M∞)2(M∞ + 1)]/4.

Figure 1 shows the sheath current densities in terms
of M∞ for α = 1. These modified new solutions produce
sheath current densities which are very close to those
of kinetic analysis [10], especially for M∞ < 0, where
controversial assertions have been made.
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The position (y(n)) along the presheath can be ob-
tained as a function of the density (n) by solving the
original differential Eq. (10):

y(n)=
∫ y

0

dy=
∫ n∞

ns

dn

(1−n)
1−M2(n)

(1+α)M∞−(2+α)M(n)
.(17)

From this, one can obtain the density variation n(y) in
terms of the normalized position y. However, as n ap-
proaches n∞, y becomes infinity, which is unphysical and
impractical, so we need an upper limit on the density to
determine the total length of the presheath. Figure 2
shows the density variations along the presheath for var-
ious models with α = 1. Here, theoretically, the size
of the perturbation extends to infinity according to any
model, so we have to terminate it at some point. For the
present data, we terminate it at n(y = L99) = 0.99n∞,
where L99 indicates the length where the density is 99
percent of n∞.

Since the density deduced from the Langmuir probe
data usually has an error of 5−10 percent [20], especially
in turbulent tokamak edge plasmas, it would be practical
to define the total length (L) of the presheath as the
distance where the density is 0.9 or 0.95 of n∞, e.g.,
n(y = L90) = 0.9n∞ or n(y = L95) = 0.95n∞. Figure 3
shows the scale factor (K = L/L‖), which gives the total
length of the presheath in terms of the flow velocity with
α = 1 for the case of n(L90) = 0.9 and n(L95) = 0.95n∞.
L95 (95 percent length) is 2 − 3 times longer than L90
(90 percent length). Since K(M∞ = 0, α = 1) ≈ 1, i.e.,
L90 = L‖, it would be appropriate to suggest the L90
(90 percent length) is the ‘standard’ presheath length.

Figure 4 shows the scale factor K as a function of α for
the various values of M∞. For the same M∞, K varies
slowly. Figures 3 and 4 show that dependence of K on
the flow velocity (M∞) is stronger than its dependence
on the normalized viscosity (α).

V. CONCLUSIONS

Presheath lengths in a magnetized flowing plasma are
derived based upon existing analytic fluid theories, as
well as based upon a new model. After defining a char-
acteristic presheath length L‖, the total length of the
presheath, L, is shown to be scaled by a factor K; i.e.,
L = KL‖ = Ka2Cs/D⊥, where a, Cs, and D⊥ are the
size of the perturbing object, the ion acoustic speed, and
the perpendicular diffusivity, respectively. The scale fac-
tor K is calculated as a function of the transport pa-
rameters such as the drift velocity and the normalized
viscosity (ratio of viscosity to diffusivity), and its de-
pendence on the drift velocity is stronger than its de-
pendence on the normalized viscosity. The larger the
magnitude of the flow velocity on the down-stream side,
the bigger the size of the presheath, and the smaller the

normalized viscosity, the bigger the size of the presheath.
Practical sizes of the presheaths are obtained in terms of
the density perturbation, and L95 (95 percent length) is
2 − 3 times longer than L90 (90 percent length). Since
K (M∞ = 0, α = 1) ≈ 1, i.e., L90 = L‖, it would be ap-
propriate to suggest the L90 (90 percent length) is the
‘standard’ presheath length, which is a quantitative jus-
tification for this choice of the presheath size in electric
probe measurements and for analyses of the scrape-off
layer region.
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