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An analytic treatment of the bounded and free presheaths with arbitrary 
viscosity in magnetized flowing plasmas 

Kyu-Sun Chung 
Department of Nuclear Engineering, Hanyang University, Seoul, South Korea 

(Received 14 March 1994; accepted 2 May 1994) 

Analytic solutions are derived from one-dimensional fluid equations with arbitrary shear viscosity 
for the free and bounded presheaths in the strongly magnetized flowing plasma. Plasma density and 
flow velocity are obtained analytically in terms of position along the field line, Mach number (M ?O), 
normalized viscosity (a), and size of bounded presheath. Simple analytic relations between the ratio 
(R) of sheath current and the flow Mach number [Moe == VdO(ZTe+Tj)lmd are derived as 
R =exp(M ",1M c), where Me = l/[ 1 + Ja2/l + a arctan Jl + a], with less than 5% accuracy for 
O~M x~O.5. By generating two free and two bounded presheaths by two Mach probes within two 
free pres heaths generated by a larger object than Mach probes, one can measure a and M x 

simultaneously. The allowed range of a in terms of M QO is obtained, and comparisons with previous 
numerical analyses are also made. 

I. INTRODUCTION 

Although the effects of the plasma boundary have a sub
stantial influence on the characteristics of the entire plasma 
in tokamaks, the physics of tokamak edge plasma is not well 
understood. 1 In plasma processing such as plasma etching, 
the mechanism between plasma and target is not well quan
tified in terms of plasma parameters.2 The interaction be
tween the Space Shuttle and the surrounding plasma in the 
low-Earth orbit (LEO) is still a debated problem.3 The com
mon features of them are 0) magnetized plasma (ion gyrora
dius, p< typical object size, a) and (ii) flowing toward an 
object, with considering the following typical parameters: 
Te= Ti~lO eV, B~1 T, p~3X 10-4 m, a(probe)~10-3 m for 
hydrogen plasma in the edge of tokamak; T e ~ 10 e V, Ti ~ 1 
eV, B~O.1 T, p~6XlO-3 m, a (substrate)~O.l m for argon 
in plasma processing; Te= Ti-O.l eV, B-5X 10-5 T, p-3 m 
a (Space Shuttle)-40 m for oxygen in the ionosphere. 

When the magnetic field is strong enough that the ion 
gyroradius is substantially smaller than an object, ion collec
tion across the field is diffusive even if the parallel flow is 
dominated by inertial effects.4 So, the quasineutral region 
which is called the "presheath" becomes highly elongated 
along the field until the cross-field diffusion is able to bal
ance the parallel collection flow, making the presheath as 
effectively one dimensional. The presence of plasma flow 
along the field causes large asymmetries in the ion saturation 
current drawn to probe faces parallel and anti parallel to the 
magnetic field.5.6 When using diagnostic edge probes, such 
flows introduce a complicating factor which must be ac
counted for in probe data interpretation. More importantly, 
the asymmetry can be used to measure the flow velocity if a 
reliable theory of probe operation is available. 

Much effort has been devoted to measurement of the 
flow velocity by using two-sided directional Langmuir 
probes (Mach probe) in the tokamak edge or in the linear 
tokamak edge simulator. Mach probes have been used to 
measure the flow velocity in the scrape-off layer of several 
tokamaks/- JO and these measurements raise questions re
garding the applicability of probe models for data interpreta-

tions. Models for probe behavior in the strongly magnetized 
plasma have been devoted mainly on the free presheath. 
Stangeby has developed one-dimensional fluid models for 
the measurement of parallel flow velocity by ignoring shear 
viscosity. 11.12 Hutchinson, however, has shown by using fluid 
models that shear viscosity plays an important role in deter
mining the plasma density and flow velocityY,14 Chung and 
Hutchinson have maintained that shear viscosity should be 
included in analyzing magnetized presheath by kinetic 
analyses. 15,16 To resolve the debate in applying certain theo
ries to analysis of probe measurement, experiments have 
been made in a linear machine by generating either the "free 
presheath," 1 7 which does not contact any object along the 
field line, or the "bounded presheath,,,18 which does contact 
an object along the field line. But these experiments involve 
measurements fairly closed to a perturbing object and some
times the presheath is bounded. So the relevance of the 
theory to current experiments is questionable, whether it is 
fluid,IJ-14 or kinetic analyses. J5•16 Hutchinson has developed 
a fluid model for the bounded presheath in terms of the nor
malized viscosity (a: ratio of cross-field viscosity to 
diffusivity).19 However, he (0 uses a numerical scheme with 
nonuniform meshing, (ii) assumes the variations of plasma 
density and flow velocity along the bounded presheath, (iii) 
does not mention about the upper limit of a in terms of 
external flow velocity, and (iv) one should assume a in order 
to deduce the flow velocity from his result. 

It is the purpose of this work to derive analytic solutions 
from one-dimensional fluid equations with arbitrary shear 
viscosity for the free and bounded presheaths in the strongly 
magnetized plasma. A method to measure simultaneously the 
flow velocity and normalized viscosity is proposed, and the 
allowed range of the normalized viscosity is also obtained. 
Plasma density and flow velocity are calculated analytically 
in terms of position along the field line, external flow Mach 
number, normalized viscosity, and size of the bounded 
presheath. Section II deals with the model, governing equa
tions. Analytic solutions for the density and flow velocity are 
given in the Sec. III in terms of size of bounded presheath, 
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FIG.!. Schematic diagram of a bounded and a free presheath within a free 
presheath of a large object: 1 = Large separator for generating a free 
prcsheath; 2=small separator for generating a free and a bounded 
presheaths; 3=bounded presheath by small separator (downstream); 4=free 
prcsheath by small separator (upstream); 5=free presheath by large separa· 
tor (upstream); and 6-8 indicate the density profiles along each presheath. 
a = half·size of small separator, d = half·size of large separator. "S" repre· 
sents the diffusive plasma source indicating the particle and momentum 
exchange between outside and inside the presheath. 

flow Mach number, and the normalized shear viscosity. Sec
tion IV treats a possible application to direct measurement of 
flow velocity and viscosity. Then, a summary of results is 
given in the last section. 

II. MODEL 

Figure 1 shows the schematic diagram of two small 
presheaths, one of which is bounded and the other free, 
within the free presheath of a large object. The density pro
files (curves 6 and 8 in Fig. 1) along the free presheaths in 
the upstream side (regions 4 and 5) have the same shapes. 
Assuming the absorbing surface, plasma density decreases 
monotonically toward the surface of the object. 19 Along the 
bounded presheath (region 3), maximum density cannot ex
ceed the reference density (no) and plasma contacts two sur
faces (objects 1 and 2). So, the density looks like the curve 7 
of Fig. 1 and this will also be shown as the curve 3 of Fig. 5. 
One can approximate the presheath as one dimensional and 
assume the electrons are governed by the Boltzmann relation 
for a negatively biased absorbing surface. The steady-state 
fluid equations for ions without volume source and colli
sional friction are given by 

V'(njV)=O, 

V '(njmjVV+ ll)= - VPj-ZenjV ¢J, 

(1) 

(2) 

where mj is ion mass, nj is ion density, P j is ion pressure, V 
is fluid velocity, ¢J is electrostatic potential, II is viscous 
stress, e is absolute electron charge, and Z is ion charge 
number. We shall assume that the phenomenological cross
field flux of ions is given by 
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(3) 

and the electrons are isothermal for large negative bias as 

ne=noo exp( ~~), (4) 

where D is the anomalous cross-field diffusivity, ..L means 
perpendicular to the magnetic field direction (z), ne is the 
electron density, and nco is the unperturbed plasma density. 

If we focus on the parallel component of the momentum 
equation, treating the perpendicular diffusion equation as a 
source term in the parallel equations, with the following as
sumptions: (i) cross-field diffusivity (D) is anomalous and 
constant, (ii) ion temperature is constant along the presheath, 
(iii) parallel viscosity is neglected, and (iv.) shear viscosity 
(TJ) is anomalous and given by 

TJ=anjmjD, 

where a is an arbitrary constant, then the above governing 
equations become 

(5) 

+ aDV.l ·(n; V .1 Vz)' (6) 

where cs = [(T i +ZTe)/m;]O.5 is the ion-acoustic speed. The 
last term of Eq. (6) is the parallel contribution of the perpen
dicular viscous force. In order to get simpler forms, we shall 
introduce nondimensional variables and approximations in 
the cross-field direction including 

z zD 
Y=L =Tc' 

p s 

V.lQ=(Qoo-Q)/a, viQ=(Qoo-Q)/a 2
, 

where Q is a general parameter for density and flow velocity, 
a is the half-size of a perturbing object, and L p is the char
acteristic length of the presheath. 

Approximation and nondimensionalization can be done 
the same as in Hutchinson's case.19 In making approxima
tions, however, he chose the parallel contribution of the per
pendicular viscous force [the last term of Eq. (6)] as 

(Voo- Vz ) 
aDV.l ·(niV.l Vz)=aDni 2 

a 
(7) 

by saying that he "has ignored the spatial dependence of 
viscosity." However, he just ignored the spatial dependence 
of shear viscosity (TJ) on the ion density (nJ in the cross
field direction (r) not in the parallel direction (z) along the 
presheath, because density variation ni(z) across the flux 
tube can exist, and TJ depends upon ni(z). In addition, since 
the approximation of Eq. (7) is just one type of approxima
tion and there is no unique procedure for this, we could just 
as well make it 
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and it allows us to get analytic solutions of density and flow 
velocity for an arbitrary a. With nondimensional variables 
and approximation of Eq. (8), Eqs. (5) and (6) become 

d(nM) 
---;Jy=(l-n), (9) 

nM(:~)+ ~; =(1+a)(1-n)(M",-M). (10) 

Rearrangement of these equations produces the following 
equations: 

dn [(1+a)M",-(2+a)M] 
dy =(1-n) (l_M2) (11) 

dM (l-n) [1-(l+a)M",M+(1+a)M2 ] 

dy =-n- (l-M2) (12) 

III. ANALYTIC SOLUTIONS 

Dividing Eq. (11) by Eq. (12) results in 

dn n[-(2+a)M+(1+a)Moo ] 

dM 1-(1+a)MooM+(1+a)M2 ' 
(13) 

Rearrangement for the direct integration of Eq. (13) produces 

f
n dn fM -(2+a)M+(1+a)Moo 

- dM 
nx ---;; - Mx 1-(1+a)M",+(1+a)M2 ' 

(14) 

where n", and M '" are the normalized unperturbed plasma 
density and flow Mach number outside the free presheath. 
From this the following solution for plasma density is ob
tained: 

n(M) =[( 1 + a)M2- (1 + a)M ",M + 1]-8 

{
aM"" [ (1+a)(2M-Moo») 

X exp --:rcJ arctan J;j 

_ arctan( (1 + ~M oc )]} , (15) 

where 8=(2+a)/(2+2a) and q=4(1 + a)-(l + a)2M;. If 
we check the validity of Eq. (15), then n(M=Moo)=l, 
which represents the unperturbed density, and n(M = 1, 
a = 0) = 1/(2 - M",), which is the exactly same form as 
Stangeby's result. 12 

In order for n(M) to be real, q should be positive, i.e., 

q=4(1 + a)-(l +a)2M~>0, 

and Fig. 2 shows the relation of the normalized viscosity (a) 
to the external flow velocity (Moo). Although a is an arbitrary 
number, it has an allowed range in terms of plasma flow 
velocity, e.g., 0~a~3 for M,,= 1. For positive viscosity, 
plasma flow velocity cannot exceed Mach number 2 [V d 

= 2~(ZTe+Ti)/md. For ultrasupersonic flow (M oo>2), 
there is the possibility that viscosity could be negative, al
though the possible physical meaning of this is not clear, yet. 

2866 Phys. Plasmas, Vol. 1, No.9, September 1994 

10 

8 

6 Not-Allowed 
ex 

4 

Allowed 
2 

0 
0.0 0.5 1.0 1.5 2.0 

Moo 

FIG. 2. Allowed range of the normalized viscosity (a) in terms of the 
external flow velocity (M ,J. a can be negative for M .,.>2. 

A. Free presheath 

From Eq. (IS) the sheath density is given by 

ns=n(M= 1) =[(2+ a) - (1 + a)M ",r 8 

{
aMoo[ ((1+aH2-Moo») 

X exp ..rq arctan J;j 

_ arctan( ( 1 + EM 00 ) ]} , (16) 

Figure 3 shows the sheath density in terms of a for 
-1 ~M "'~ 1. The present model produces larger values than 
the numerical fluid model of Hutchinson,19 while the kinetic 
model of Chung15 produces smaller values for M 00<0 
(downstream) and larger for M ,,>0 (upstream). From Eq. 
(16) the ratio of up- to downs heath current densities is cal
culated as 

ns(M",>O) 
R(M 00) ns(M,,<O) 

N • 

=(2+a)+(1 + a)Mcc) 8 

(2+a)-(1+a}M x 

[
aM"" ( (1+a)(2-M oo ) 

X exp ---vq arctan J;j 

(1+aH2+Moo»)] + arctan ..rq , 

1.0 ....---------or----, 
0.8 

0.6 

0.4 

0.2 

0.0 1.l-I.:..:...i:.Jl::i...I..i:..o...I. .......... ......L .......... .&.J..a ......... &...I..L.......w 

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 
Moo 

(17) 

FIG. 3. Sheath density in terms of a for -1 "'M x'" 1. Open squares are from 
kinetic analysis with a= 1,15 and open circles are from fluid analysis.u 
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FIG. 4. Ratio of current densities in terms of a for -l"",M ","", 1. Numerical 
results of one-dimensional fluid (open circle)l3 and kinetic models (open 
square)lS are also included for a=1. 

and Fig. 4 shows the ratio of current densities. Numerical 
results of one-dimensional fluid and kinetic models are also 
included for a= 1. Present analytic treatment produces 
smaller ratios than numerical fluid and kinetic models. For 
nonviscous flow (a=O) with M 00= 1, the ratio (R) becomes 
3, and for the strongly viscous case (a=I), this gives 9.3, 
while Hutchinson's produces 12. Hence, the ratio of two 
cases is 3.1 instead of 4 as Hutchinson found. 14 

Since there has been discussion of the flow reversal or 
flow drift near the reconnection point of magnetic field in the 
divertor tokamak,20 and it may be small Mach number, then 
it might be useful to derive a simple formula for small Mach 
number. For O<M :x:~I, Eq. (16) is approximated as 

( 
(1 + a)M 00) 20 ( aM 00 arctan ~) 

R (M "J = 1 + (2 ) exp l . 
+a ",1+a 

By taking the logarithm of the above equation, and using the 
Taylor expansion of In[1 +x] for Ixl<l, it can be further 
reduced as 

R=exp(M ",IM c), (18) 

where Me is the calibration factor: 

Me = ( 1 + ~ 1 :2 a arctan VI + a) -I 
This recovers the simple exponential form as in other 
models.1·15,16 The maximum difference between Eqs. (17) 
and (18) is less than 5% for O~M oo~0.5. 

B. Bounded presheath 

If one applies the above theory to the bounded presheath, 
one can analytically obtain the normalized density (n) and 
the flow Mach number (M) along the presheath in terms of 
the flow Mach number (M 0) outside the bounded pres heath, 
normalized viscosity (a), and size of the bounded presheath 
(L b ). For the analysis of the bounded presheath with plasma 
flow, let us define no, M 0, and nmo as density, flow Mach 
number outside the bounded presheath, and the maximum 
density along the presheath for M 0=0, respectively. As M 0 
gets bigger, there is a region where the density [n(z)] along 
the bounded presheath becomes larger than nmo. So, the 
maximum density along the bounded presheath has the value 
between nmo and no, while -1~M~1. Then one can 
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always find a position Zo at which the reference velocity M 0 

is defined as M 0 = M (z = z 0) along the bounded presheath 
(O<zo<L b), and the reference density nm=n(z=zo). Hutch
inson assumes the spatial variations of the density and the 
flow velocity with nonuniform meshing, and separates the 
bounded presheath into two regions, i.e., O~Z~ZO and 
ZO~Z~Lb (in his paper he uses zm instead of zo) or 
-1 ~M ~M 0 and M 0 <M ~ + 1.19 Then he numerically inte
grates Eq. (13) for these regions, with a slightly different 
form due to different approximation to obtain the density. 
However, without this complicated procedure, in order to 
obtain the density along the bounded presheath, one simply 
needs to replace the lower bound limits of Eq. (14), i.e., 
noo-+nm' Moo-+Mo: 

n(M)=nm[(1 + a)M2- (1 + a)M oM + 1]-8 

{
aMo [ ((1+a)(2M-Mo») 

X exp ---;rq- arctan J;j 

_ arctan( (1 + ~M o)]} , (19) 

where -1~Mo~+1 and q=4(1 + a)-(1 + a)2M5. Putting 
Eq. (19) into Eq. (12) by replacing Moo with M 0 leads to the 
following equation: 

dM I-n mG(M)-8 exp[H(M)] G(M) 

dy = nmG(M) (5 exp[H(M)] (1- M2) , 

where 

and 

G(M)= 1- (1 + a)M oM + (1 + a)M2 

H(M)=(aM 01 /ti){arctan[( 1 + a)(2M - M 0)1 /til 
- arctan[( 1 + a)M 01 /tin. 

(20) 

Then the position along the bounded presheath is obtained as 

fMO nmG(M)-8 exp[H(M)] I-M2 

y(M)= 1 I-n mG(M) (5 exp[H(M)] G(M) dM, 

(21) 

where -1 ~M o~ + 1. Since the integrand of Eq. (21) is an 
explicit equation of M,y(M) can be obtained explicitly in 
terms of M 0 and n m' From this one can obtain the flow 
velocity M (y) in terms of normalized position y, and density 
is also obtained by inserting M (y) into Eq. (19). 

Figure 5 shows the variations of density and flow veloc
ity. Both cases show the variations with different flow veloc
ity (M 0) outside of the bounded presheath within the free 
presheath. A reference case is chosen for nm =0.7, a=l, and 
M 0=0. When there is no flow outside the bounded presheath, 
the shape of density variation along the field line is symmet
ric and maximum density is less than that outside the free 
presheath (curve 1), while the flow velocity (M) varies be
tween -1 and +1 (curve 4). Emmert et al. solved this prob
lem by putting no = 1 = maximum density by assuming that 
the plasma parameters are symmetric when there is no 
plasma flow (M 0=0).21 If there is flow, symmetries in den-
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FIG. 5. Variations of the flow velocity (curves 1-3) and density (curves 
4-6) along the bounded presheath with different flow velocities [Mo=O 
(curves 1 and 4),=0.5 (curves 2 and 5), and=0.9 (curves 3 and 6)] outside 
of the bounded presheath within the free presheath. Reference case is chosen 
as nm=0.7 for M 0=0. 

sity and velocity variations are broken [curves 2 (M 0=0.5) 
and 3 (M 0=0.9) for density, and curves 5 (M 0=0.5) and 6 
(M 0=0.9) for velocity]. The present analytic treatment pro
duces slightly larger density, velocity, and the size of the 
bounded presheath than those of Hutchinson's numerical 
method.19 

The sheath density at the surface of a small object within 
a large object is calculated by putting M=l in Eq. (19). 
Figure 6 shows the sheath density in terms of size of 
bounded presheath (total connection length between the two 
boundaries) with different normalized viscosity (0~a~2) for 
the M 0=0.5 (upstream: curves 1-5) and M 0= -0.5 (down
stream: curves 6-10) cases. The sheath density gets smaller 
with a for the downstream (M 0<0) case, while it increases 

0.7 

0.6 

5 
0.5 

6--_____ _ 

0.3 7 ---__ _ 

8---__ 

0.2 9---~ 

10----

0.1 

0·~~12~~~-~1*0~~-~8~~~-~6~~~-~4~~u-~2~~~-0 

Lb/Lp 

FIG. 6. Sheath density in terms of size of bounded presheath (total connec
tion length between the two boundaries) with different a for M ",=0.5 (up
stream: curves 1-5) and M ~= -0.5 (downstream: curves 6-10). a is 0.0 for 
curves 5 and 6, 0.5 for curves 4 and 7, 1.0 for curves 3 and 8, 1.5 for curves 
2 and 9, and 2.0 for curves 1 and 10. 
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FIG. 7. Current ratios (R) with the normalized viscosity (a) and the size 
(Lb) of the bounded presheath (LI>=O.Ol, 0.05, O.IL d ) for nx= I and 
Mx=O. 

with a for the upstream (M 0>0) case. The change is more 
drastic for the downstream case than the upstream case. This 
implies that the sheath density is more affected by the size of 
the bounded presheath when the external flow is away from 
the probe (downstream) than it is toward the probe (up
stream) due to the imposed condition of flow velocity IMI = 1 
at the boundary. 

When no and M 0 are varying along the free presheath 
due to a large object, no(L b ) and M o(L b ) should be used for 
the calculation of the density [n (z)], flow velocity [M (z)] 
along the bounded presheath, and ratio of the sheath densi
ties at each L b , where L b is the position of the small object 
("2" in Fig. 1) along the free presheath by the large object 
(" 1" in Fig. 1), i.e., the size of the bounded presheath. Figure 
7 shows the current ratios (R) in terms of the normalized 
viscosity (a) with various sizes (L b) of the bounded 
presheath for n",= 1 and M 00=0 (no drift outside the large 
separator). Here R gets bigger with larger a and with smaller 
L b, but L b has a stronger effect on R than a in the bounded 
presheath. Since the slope of R in terms of a, dRlda, be
come steeper as L b gets smaller, the difference in asymptotic 
values of R between for a==O and for a= 1 becomes larger, 
i.e., they do not converge on each other as L b gets smaller. 
Therefore, information in the measurement of R is not lost as 
L b gets smaller. 

Comparisons of ours with Hutchinson's19 for density and 
flow velocity along the bounded pres heath are shown in Fig. 
8(a), and the ratios of current densities in Fig. 8(b). These are 
made for a= 1, noo= 1, and M 00=0 of the large free presheath. 
Present analytic results give larger density [no(z)] and 
smaller velocity [M o( z) 1 than those of Hutchinson 19 along 
the free presheath of the large separator. This affects the ion 
collection toward each surface of the small separator. The 
difference in ratios (R) of sheath current densities collected 
by two opposite sides of the small separator gets bigger as 
the ratio of size of small probe separator to large 
[L=(a/d)2] gets larger, and the biggest difference is about 
17% between the two approximations. The present analytic 
model produces smaller ratios of the sheath current densities 
than those of the numerical method. 19 The differences be
tween ours and Hutchinson's are the following: (i) viscosity 
term is approximated differently; (ij) no(L b) and M o(L b ) are 
obtained analytically in ours, while they are assumed in his; 

Kyu-Sun Chung 

Downloaded 21 Oct 2012 to 166.104.47.214. Redistribution subject to AIP license or copyright; see http://pop.aip.org/about/rights_and_permissions



1 

0.8 0.8 

0.6 0.6 

MO NO 
0.4 0.4 

0.2 0.2 

0 0 

0.001 0.01 0.1 1 
(a) Lb/Ld 

100 

R 10 

FIG. 8. (a) Variations of density (solid triangle) and flow velocity (solid 
circle) outside of the bounded presheath within the free presheath by a large 
separator. (b) Ratios of current densities for L=(a/d)2=0.01 (solid circle) 
and 0.02 (solid triangle). These are made for nx= 1 and M ~=O outside of 
the large free presheath. Open legends are from numerical model of 
Hutchinson. 19 

and (iii) n(z) and M(z) are calculated along the bounded 
presheath by direct integration for O<nm<no(L b ) in ours, 
while Hutchinson obtained these by numerical analysis of 
Eqs. (9) and (10) with nonuniform meshing by Patankar's 
numerical methods.22 [Note: nm is the density at 
M(z)=Mo(Lb) along the bounded presheath.] 

IV. APPLICATIONS 

By generating two free presheaths and two bounded 
presheaths by two Mach probes within two free presheaths 
generated by a large object, one can measure a and M co 
simultaneously deduced from the measurement of Ru by one 
Mach probe located in the upstream side of the large object, 
and Rd by the other Mach probe in the downstream side. 

A. Visco-Mach probe with direct scheme 

We will consider a probe system as in Fig. 9, which 
generates four free and two bounded presheaths: two small 
separators (SS) "1" and "3" generate two free pres heaths in 
the upstream side and two bounded in the downstream side; 
a large separator (LS) "2" generates two free presheaths in 
both directions. This probe system is composed of two Mach 
probes, one near probes "4" and "5" measures the ratio 
(Ru =J 4/J 5) of ion saturation currents collected in the up
stream side of the free presheath generated by the large sepa
rator, and the other near probes "6" and "7" takes the ratio 
(Rd=J 7/J 6) of currents collected in the downstream side. 
Each Mach probe has two different presheaths; one is the 
free presheath and the other is bounded. If we assume the 
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8 

FIG. 9. Direct visco-Mach probe (DVMP) which generates six presheaths, 
four are free and other two arc bounded presheaths. a is the half-size of the 
small separator (1 and 3: SS), and d is that of the large separator (2: LS). 
4 = Probe collecting upstream ion current in a small free presheath by SS(1) 
within a large free presheath formed upstream side of LS. 5 = Probe collect
ing downstream ion current in a bounded presheath by SS(l) and LS within 
a large free presheath formed upstream side of LS. 6=Probe collecting 
downstream ion current in a bounded presheath by SS(3) and LS within a 
large free presheath formed downstream side of LS. 7 = Probe collecting 
upstream ion current in a small free presheath by SS(3) within a large free 
presheath formed downstream side of LS. 8=Probe holder. 

same transport coefficients in these six presheaths and the 
plasma around them, we can simultaneously deduce the nor
malized viscosity (a~ 'l//n im p) and the plasma flow veloc
ity (M co) without any numerical iteration. Let us call this 
probe a "direct-visco-Mach probe (DVMP)." 

Figure 10 shows the ratio (R) of sheath current densities 
by a Mach probe (MP) versus a in terms of Moo outside of 
the presheath generated by LS and a fixed position 

1000r-------------------------------~ 

Mco 
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FIG. 10. Ratio (R) of sheath current densities by a Mach probe (MP) versus 
a in terms of M," outside of the free presheath generated by a large separator 
(LS), and a fixed position (Lb=O.lLd) of MP within a free presheath by LS 
with a fixed ratio [L=(a/d)2=O.OIJ of probe separators. 
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(L b = 0.1 L d) of MP within a free presheath by LS with a 
fixed ratio [L=(a/d)2=0.01] of probe separators. By using 
this figure we can deduce a and M", simultaneously from 
measurement of Ru and Rd by the following: one Mach 
probe in the upstream side (M oc>O) takes the ratio (Ru) of 
currents of free and bounded pres heaths generated by SS 
("I") within the free pres heath of LS ("2"); and the other 
MP in the downstream side (M ",<0) takes the ratio (Rd)' If 
we measure the ratios as R u=J4/Js=60, R d=J7/J 6 =35, 
then we can deduce a as 0.61 and Moo as 0.7 by the follow
ing procedures: For Moc=O, a(Ru=60)=1.2, and 
a(Rd=35)=0.15. Two values of a do not coincide: 
a(Rsl =60)=0.8 for M",=0.5, and a(R s2 =35)=0.4 for 
M ",= -0.5. Two values of a do not coincide either. But in 
this case they get closer: a(Rsl =60)=0.5 for M ",=0.9, and 
a(Rs2 =35) cannot be found for M oc= -0.9. For 1M ",1=0.9, 
there is no way to find a. From this information we know 
that a is to be found between the 1M ",1=0.9 and 1M ",1=0.5 
lines. By making detailed lines between the 1M ",1=0.9 and 
1M ",1=0.5 lines, we can find a=O.61 and M 00=0. 7 simulta
neously. 

B. Error analysis 

In any real experiment there are errors in the measured 
quantities. It is therefore important to ask how sensitive our 
determination of M", and a is to uncertainties in R u and Rd' 
Let us define parameters as the following: o-=error, j=ion 
sheath current density, u =upstream, d=downstream, 
r=current density ratio, a=normalized viscosity, m=Mach 
number, then the error (Tru of the ratio R u =J uulJ ud and (Trd 
of Rd are given by 

( 
2 2) 0.5 (T ru _ (Tjuu (Tjud 

- - -2- +-;z-
Ru J uu J ud ' 

when J uu' J ud' J du' and J dd are uncorrelated.23 Since the 
normalized viscosity a and flow Mach number M", are not 
explicit functions of the ratios Ru and Rd , and are simulta
neously determined by them, the errors in a and M", cannot 
be easily calculated. One possible way is to take same rela
tive error as those of Ru and Rd, i.e., if (TrulRu 
= 10%= (TrdlRd , then (Tja=10%=(TmIM",. So, for 
Ru=60±6, R d=35±3.5, then a=0.61±0.06, M",=0.7 
±0.07. 

The other way to determine the error in a and M", is to 
use the current ratio by the large separator, i.e., to use the 
following relation: 

Since the calibration factor Me is a function of a as in Eq. 
(18), the error (Trn of Moo can be calculated by 
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So the error (Tm of Mach number Moo is obtained 

I
dMel (Tro: 

(Trn=(Ta da In[R,,,]+ R'X, Mc(a), 

if (T a is predetermined. For example, if (T roc/ R", = 10%, 
(Ta=0.06, and Ru=60, Rd=35 and R,,=3, then 
(Trn =(0.06)(1-0.76/)(ln[3])+(0.1)(0.64) =0.11. Hence, the 
flow Mach number M =0.7±0.11. Therefore, the error in 
measuring Moo is about 15%. 

V. CONCLUSIONS 

Theories of the free and bounded presheaths are treated 
analytically by using one-dimensional fluid approximations. 
Plasma density and flow velocity are calculated analytically 
in terms of position along the field line, Mach number (Moo), 
normalized viscosity (a), and size of bounded presheath 
(Lb)' A simple analytic relation between the ratio (R) of 
sheath current and the flow Mach number [Moo 
= Vd/~(ZTe+Ti)!md are obtained as R=exp(Mx./Mc), 
where Me = 11(1 + va2J1 + a arctan VI + a), with less 
than 5% accuracy for O~M ,,~0.5. Maximum difference be
tween flow velocity deduced by analytic treatment and that 
by the numerical one is about 17% for O~ a~ 1. Present one
dimensional results can be used for modeling the scrape-off 
layer in the tokamak edge and plasma processing with inclu
sion of diffusive source and viscosity, although it needs to be 
verified by two-dimensional calculation with additional fac
tors such as ionization, charge exchange, and spatial varia
tion of temperature, diffusivity, and magnetic field. Even 
when probes are close to other structures, present solutions 
allow quantitative analysis of not only the operation of 
simple electric probes but also simultaneous measurement of 
the a and M"" by using a relation of the current density ratio 
to L b' a, and M",. A "visco-Mach" probe with a direct 
scheme is proposed to measure them simultaneously by gen
erating two free and two bounded presheaths by two Mach 
probes within the free presheaths at a larger object than 
Mach probes. Allowed range of a is given in terms of M"". 
For instance, O~a~3 for M ",= 1. 
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