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Effect of refined shape of input atomic beam on plasma density distribution in 
a double-ended Q machine 

Kyu Sun Chung and Sang Hee Hong 
Department of Nuclear Engineering, Seoul National University, Seoul, Korea 

(Received 18 March 1982; accepted for publication 4 June 1982) 

The density distributions of equilibrium plasma in a double-ended Q machine are analyzed by 
means of fluid theory in connection with various shapes of input atomic beam. An inhomogeneous 
ordinary differential equation for plasma density is analytically solved in terms of modified Bessel 
functions, and modified Lommel function exhibiting the effect of refined atomic beam 
impingement. The radial density profiles are discussed in various cases of the atomic beam to find 
the optimum input-flux shape which results in the improved plasma confinement. As the slope of 
input distribution becomes steeper, it turns out to have better confinement effect on plasma 
distribution. 

PACS numbers: 52.50.Dg, 52.55.Dy 

I. INTRODUCTION 

The Q machine has been developed as a versatile source 
of quiescent plasma either in an atomic beam mode I or in a 
vapor pressure mode. 2 Each mode stems from the results 
obtained in the 1920's by Langmuir and co-workers,3,4 who 
found that when a stream of neutral cesium atoms is directed 
onto a tungsten surface at a temperature of about 1000 °C or 
higher, almost all cesium atoms are fully ionized. This phen
omenon of contact ionization occurs when the ionization 
potential of cesium is smaller than the work function of tung
sten. It is also observed with other combinations of gases and 
metals that have the same relation between the work func
tion of the metal and the ionization potential of the gas. 

Figure 1 shows a schematic drawing of the Q machine. 
Two hot tungsten (tantalum, rhenium) plates are located at 
the opposite ends of a cylindrical vacuum vessel. The plates 
are heated to temperatures of order 2500 oK by electron 
bombardment. A neutral beam of cesium or potassium im
pinges on the center of the plates. The alkali-metal atoms are 
ionized at the tungsten plate, which is also sufficiently hot to 
emit an abundant flux of electrons by thermionic emission. 
Sheaths with properties depending on the balance between 
electron and ion fluxes form at each plate. Beyond the sheath 
regions is a neutral plasma which is confined radially by a 
longitudinal magnetic field. 

A simple model for a double-ended Q machine with an 
axial external homogeneous magnetic field Bo is shown in 
Fig. 2. This Q machine employs two hot vertical plates of 
radii r2 10cated at the opposite sidesz = ± L /2 in a cylindri
cal vacuum vessel so that the inclined end-plate effects can 
be eliminated.5 

In early Q machine models, the input neutral atomic 
beam has been considered to be injected with a homogeneous 
distribution on the plate, e.g., S (r) = So = constant, 0,;;; r,;;; r I' 
In reality, the distribution is Gaussian and especially its 
shape is further modified in recent design with two nozzles at 
each plate. A refined Gaussian is formed by superposition of 
two inclined Gaussians. In the present model, the neutral 
beams are injected to the end plate from two nozzles of 
which axes are directed to the center of the plate with injec
tion angles between nozzle axes and the end plate. The super-

position of two inclined Gaussian distributions from two 
nozzles yields the source shape like a-line shown in Fig. 3 for 
a cross section parallel to a nozzle plane. For a cross section 
vertical to a nozzle plane, the resulting shape is a sharpened 
Gaussian superposed by two same Gaussians from two noz
zles. In this model, it is assumed that all these source shapes 
are approximated to the refined form like b-line 

s(r)=klrfL-t, (1) 

where the constants k I and f1 depend on the source intensi
ties and the inclined angle of the nozzles. 

In the following, the plasma density distributions in the 
present model are considered by means of fluid theory in 
connection with refined shapes of atomic beam source given 
by Eq. (I). An inhomogeneous ordinary differential equation 
for plasma density is analytically solved in terms of modified 
Bessel functions, and modified Lommel function exhibiting 
the effect of refined input atomic beam. The radial density 
profiles are discussed in various cases of the atomic beam to 
find the optimum input flux shape resulting in the improved 
plasma confinement in the Q machine. 

II. THEORETICAL FORMULATIONS 

For the analysis of the above model for the Q machine, 
it is assumed that hot tungsten plate is a perfect reflector for 
the input beam, and that the sheath is very thin. Hence the 
plasma flux just outside the sheath is the same as the incom
ing neutral flux at the surface of the plate. 

FIG. I. Principal elements of an atomic beam Q machine (I-Magnet sole
noid, 2-Atomic beam nozzle, 3-Alkali oven, 4--Plasma column, 5-Vacuum 
vessel, 6-Tungsten plate. 7-Electron emitting filament, 8-To diffusion 
pump). 
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FIG. 2. Model of Q machine. 

In the one-dimensional case for axial variation, one can 
obtain the following results for axial ion velocity Viz and axial 
variation of plasma density n from steady-state continuity 
and momentum equations for ions (i) and electrons (e) by 
assuming quasineutrality and vanishing ion velocity at 
z=o: 

(2) 

(3) 

where a, nc , mil K, and T are effective volume recombina
tion rate, plasma density at z = 0, ion mass, Boltzmann con
stant, and plasma temperature, respectively. In most cases, 
the variation of n(z) with z is very small, i.e., axial gradient of 
plasma density is negligible. The major concern is then given 
to the radial variation of plasma density. 

For the analysis of radial density distribution in the pre
sent model, one can assume negligible convective inertia,6 

ambipolar diffusion, no edge effect,7 no azimuthal depen
dence, and negligible (J-pinch effect in accordance with the 
physical observations in the Q machine. In this case, contin
uity, momentum, and Maxwell equations reduce in the cy
lindrical coordinates: 

J... i.(rnvr) + i.(nvz) + an2 = 0, 
r ar az 

an 
2 KT--en(vio -veo)B=O, 

ar 
- 2 envrB = 2 pe2n 2(viO - veO)' 

aB 
- - = 4 1Ten(vio - veO)' 

ar 

(4) 

(5) 

(6) 

(7) 

whereB,p, and e are magnetic field, electrical resistivity, and 

!(r) 

FIG. 3. Refined source profile. 
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electron charge, respectively. Equations (5) and (7) yield the 
pressure balance equation: 

B2 B6 
nKT+-=-, (8) 

161T 161T 

where Bo is the external magnetic field produced by a sole
noid. From (J independence and the fact that axial density 
gradient is very small, n depends only on r. Consequently, B, 
Vo, vr , and avzlaz depend only on r by Eqs. (4)-(8). 

Equations (5) and (6) with BzBo give 

dn 
V = -A-

r dr' 

where a diffusion constant A is defined by 

A =2pKTIB6. 

(9) 

(10) 

Since v'z = - ancz by Eq. (2) only for axial variation, and 
avJaz depends only on r, one can let 

vz(r,z)- - f(r)z, (11) 

where fIr) is a function of r. Because the incoming flux of 
neutrals must be equal to the flux of ions supplied to the 
plasmas at each end plate z = ± L /2, 

I (nv)neutrals I = nf(r)L 12. (12) 

Here it is clear that nf(r) is determined by the incoming 
stream of neutrals. For the atomic beam mode, the radial 
distribution of neutrals is controllable by the shape of noz
zles, injection angles of beams, and the condition of oven. Let 

nf(r)=s (r), 5 (r) > 0, (13) 

then substitution of Eqs. (7)-(13) into Eq. (4) gives an inho
mogeneous second-order differential equation for n2 to be 
solved: 

d 2 
2 1 d 2 2 a 2 2 f: -n +- -n --n = -~ (r). 

d,z r dr A A 
(14) 

III. ANALYTICAL SOLUTIONS 

In order to solve Eq. (14) analytically for the radial plas
ma density n(r) in the double-ended Q machine with an input 
neutral beam source 5 (r), it is convenient to formulate Eq. 
(14) in dimensionless form by introducing dimensionless in
dependent and dependent variables, 

S rlR, 0<;S<;S2' 

N=(nlno)2, (15) 

where the relaxation length R and the reference density no 
are defined as 

R =(A /2a)I/2, no=n(r = 0). (16) 

In the dimensionless formulation, Eq. (14) has the form 

d
2
N + J... dN _ N = _ Y1J(s), (17) 

ds2 
S ds 

where the reference source So has been used in defining a 
dimensionless source 1J(s) and a dimensionless parameter y: 

1J(s)==s (s)lso, 

(18) 

As mentioned previously, the distribution of the input 
gas by one nozzle is a Gaussian. Since there are two nozzles 
and these are inclined to the plate with an arbitrary angle, 
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the resultant distribution of the beam has the shape of a 
broken line "a" in Fig. 3. In actual machine design, the input 
distribution can be idealized by the shape of a solid curve" b " 
of the form 

5 (r) = k 1rl' - 1, 

in which kl and J.l are controllable by the shape of nozzles, 
conditions of ovens, and injection angle of beams. From the 
assumption that the incident rate of neutral atomic beam in 
the refined case is equal to that in the homogeneous case, one 
obtains 

sIr) = k 1",-1 = So -- -.!.. - , (
J.l + 1)(r )2( r )1'-1 
J.l - 1 ro ro 

(19) 

where J.l has to satisfy the condition 

J.l<' - 1 (20) 

so that Eq. (19) may have the physical meaning. The dimen
sionless refined source profile is, therefore, 

(s) = {n~=(; ~ ~)(:~r O<,s<,so; region I 

1] (R)I'-I 
ksl' - I, k =1]~ -;;; ,SO<'S<'S2; region II 

(21) 

In this case, Eq. (17) becomes a set of inhomogeneous modi
fied Bessel equations with a uniform source in region I and 
an s-dependent source in region II, respectively: 

d 2N I 1 dNI --+- ---Nl = -Y1]~, 
ds2 s ds 

O<,s<,so;region I, 

d 2Nn 1 dNn 1 --- + - -- - N n = - yksl' - , 
ds2 

S ds 

so<,s<,s2;region II, 

where 

NI (so) = Nn (so), 

Nn (S2) = O. 

(22) 

(23) 

(24) 

(25) 

The continuity condition (24) implies that plasma densities 
in regions I and II match at r = ro, and the boundary condi
tion (25) considers that there is no plasma in the outside 
region of the plate. 

The solution ofEq. (22) in region I subject to a boundary 
condition, Ntis = 0) = 1, is given by 

NI (s) = lo(s) + y1]~ [1 - lo(s)] , (26) 

where 10 is the modified Bessel function of order O. The parti
cular solution of Eq. (23) in region II can be obtained as a 
following equation, which is called modified Lommel func
tion,8,9 

00 

Np(s) = - yk I fm s2 m +1'+ I, (27) 
m=O 

m 

= IT (2 n + J.l + 1)-2. (28) 
n=Q 

From the condition (20) and the restriction that J.l is not an 
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odd negative integer,1O the range of J.l is 

J.l< -1, (29) 

which turns out to be an important result for determining the 
source and plasma density profiles. 

The solution of Eq. (23) in region II is then 

Nn(s) = CJo(s) + C2KO(S) + Np(s), (30) 

where Ko is the modified Neumann function of order 0, and 
integration constants C1 and C2 are determined by contin
uity and boundary conditions (24) and (25), 

Dko(S2) + Np (s2)ko(so) 
C1 = , 

10(so)ko(s2) - 10(s2)ko(so) 

- Np(s2)/o(so) - DIO(S2) 
C2 = , 

10(so)ko(s2) - 10(s2)ku(so) 
D = lo(so) + y1]~ [1 - lo(so)] - Np (so). (31) 

On the other hand, the dimensionless density profiles 
for the homogeneous case are found by 

NI(S) = lo(s) + y[ 1 - lo(s)], O<'S<,SI' 

Nn(s) = C3/0(s) + C4Ko(s), SI<,S<,S2' 

where 

C
3 

= lo(st! + y{l - lo(st!} , 
lo(sd- 10(s2)Ko(sl)lKo(s2) 

C4 = (y - 1)/o(s2)/Ko(s2)' 

IV. NUMERICAL ILLUSTRATIONS 

(32) 

(33) 

(34) 

The system and operating parameters of a standard Q 
machine which have been taken herein for numerical calcu
lations are listed in Table I. In this system the following 
calculated values are used for numerical illustrations by 
theoretical formulas of each parameter I 1-15: 

a = 7.3x 1O- ll cm3/sec, 

So = 2.7 X 1014 particles/cm3 sec, 

p = 7.6X 108emu. 

The radial dependence of the normalized plasma den
sity field n/no(=N 1/2) has been computed in the cross-sec
tional region 0<,r<,r2 of the plasma column, J.l and Bo are 
treated as parameters, respectively. 

In Fig. 4, n/noh is shown versus O<,r<, 1.5 cm for Bo = 5 
KG with J.l = - 1.1, - 2.1, - 4.1 as a parameter. An axial 
plasma density noh for a homogeneous source case is used as 
a reference value. n/noh for a homogeneous case is plotted in 
broken line for comparison. As the slope of a refined source 

TABLE I. Parameters of a standard Q machine. 

Parameters 

Working gas 
Ionization potential of cesium 
Work function of tungsten 
Tungsten plate temperature (T) 
Plasma density on axis (n()) 
Magnetic field (Bo) 
Plasma length (L ) 
Plasma radius (r2 ) 

Source radius for homogeneous case (r,) 

Values 

Cs 
3.87 eV 
4.58 eV 
2500 oK 
10'2 cm-' 
5KG 
lOOcm 
1.5cm 
0.1 cm 
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n 
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2.0.--------r------,-----, 

1.5 

r (em) 

FIG. 4. n(r)lnoh vs r for Do = 5 KG with.u = - 1.1, - 2.1, - 4.1. 

curve is steeper (i.e., 1J-l1 is larger), more plasma particles are 
concentrated in the central region of the cylinder. 

Figure 5 shows nino versus O<;r<; 1.5 cm for Do = 5 KG 
withJ-l = - 1.1, - 2.1, - 4.1 as a parameter. An axial plas
ma density no for each refined source case is used as a refer
ence value. The confinement effect becomes better as 1J-l1 is 
increased, i.e., the slope of the source shape is sharper. 

Figure 6 presents nino versus O<;r<; 1.5 cm for 
J-l = - 1.5 with Do = I, 5, 10 KG as a parameter. This 
graphical representation of the plasma density fields indi
cates that the strong magnetic field enhanced the plasma 
confinement effect in the Q machine. 

1.0 ~------r------,------, 

0.75 

0.5 

0.25 

r (em) 

FIG. 5. n(r)lno vs r for Do = 5 KG with.u = - 1.1, - 2.1, - 4.1. 
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r (em) 

FIG. 6. n(r)lno vs r for.u = - 1.5 with Do = 1, 5, 10 KG. 

V. CONCLUSIONS 

As shown in numerical illustrations, the system analy
sis presented herein indicates that the improved confinement 
effect on plasma distribution in the steady-state Q machine is 
obtainable by the refined shape of input beam source. As the 
slope of the source shape gets steeper, not only is the confine
ment effect increased, but also the overall plasma density is 
concentrated in the central region of the cylindrical Q ma
chine. The source shape can be determined by controlling 
the incident angle of the beam, manufacturing the nozzle 
shape properly, and varying the conditions for oven size and 
temperature. The correlation of these operating parameters 
to the exact shape of the source is needed to be analyzed in 
further research. The enhanced confinement effect of strong 
magnetic fields in the plasma density has also appeared in 
the Q machine as in most magnetized plasma systems. 
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